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Notation

The following table can serve as a quick reference for notation used throughout the thesis. For detailed
formal definitions, see the model, in Chapter 2 on page 6.

Notation Meaning
d dimensions. Usually d = 2 since we divide a two-dim. resource.
C Cake, the thing that should be divided fairly. A subset of Rd.
R upper bound on length/width Ratio of a geometric object.
S Set of pieces that are considered usable, e.g. squares, R-fat objects.
T number of reflex verTexes of a rectilinear polygon.
n number of agents (people) entitled to receive a piece.
i index of an agent. i ∈ {1, . . . , n}.
vi value-density of agent i; function from C to R.
Vi Value-measure of agent i (integral of vi).
VS

i Utility-function of agent i who can use only pieces from S.
Xi piece of cake allocated to agent i.
X cake allocation; n pairwise-disjoint pieces: X = (X1, . . . , Xn).
Y, Z alternative allocations.
Prop(C, S, n) Proportionality function; see Chapter 3.
PropEF(C, S, n) Envy-free-proportionality function; see Chapter 4.



Abstract

This research presents algorithms for fair division of land. The algorithms take as input a heterogeneous
land-estate, and several people with different preferences over parts of the land-estate. They return as
output a partition of the land-estate among the people, such that each person agrees that his/her share is
“fair”.

The baseline of this research is the classic problem of fair cake-cutting. There are many algorithms that
take as input a heterogeneous cake and several people with different tastes, and give each person a piece
the he/she considers “fair”. However, these algorithms cannot be directly applied to fair division of land,
since land is not a cake. There are several differences between land and cake, and they require new fair
division algorithms.

The first difference is geometry. When a cake is divided, the geometric shape of the pieces is usually
ignored. It is often assumed that the cake is a one-dimensional interval and that the pieces are sub-intervals
or finite collections thereof. In contrast, when land is divided, the two-dimensional geometric shape of the
pieces is of crucial importance. We present fair division algorithms that can handle multi-dimensional
geometric constraints on the pieces. In particular, we present algorithms that guarantee that each piece is
a square, a fat rectangle (a rectangle with a bounded length/width ratio) or an arbitrary fat object. We give
upper and lower bounds on the degree of “fairness” (the value guarantee per agent) as a function of the
geometric constraints.

The second difference is redivision. A cake is usually divided when it is fresh and new, so that no
people have a previous claim on it. In contrast, many land-resources are already divided, and it is often
required to re-divide them, as in a land-reform. We present algorithms for fair re-division, which balance
the ownership rights of existing land-owners and the fairness claims of landless citizens. We first present
a baseline algorithm for redivision without geometric constraints. Then, we combine the redivision model
with the geometry model and present a redivision algorithm that can also handle one-dimensional and
two-dimensional geometric constraints.

The redivision algorithms have implications on another important issue in fair division — the trade-
off between fairness and efficiency. Our redivision algorithms allow us to prove upper bounds on the
price-of-fairness — the loss of efficiency due to fairness considerations — with geometric constraints.

The third difference is group ownership. A piece of cake is usually eaten by a single person. In contrast,
a plot of land is usually owned by a group, such as a family or a community. Different family members
may have different preferences. We present algorithms for fair division that respect the different tastes of
group-members.

While the primary focus of this research is land division, the concepts introduced herein are applicable
in other division problems. Geometric considerations are relevant when dividing other two-dimensional
resources, such as advertisement space in print or electronic media. Redivision considerations are relevant
in other dynamic division problems, such as dividing computation resources among processes. Group
ownership considerations are relevant also in the classic economic setting of dividing homogeneous re-
sources among families. We believe the present research will enrich the general fair division literature by
adding these new considerations.
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Chapter 1

Introduction

1.1 The Land Problem

This research has been motivated by a pressing social problem — the rising prices of housing in Israel.
Israeli youth find it more and more difficult to afford a house, and this problem is largely related to their
inability to own land.1

Land division is not only a problem of the present. It has been an important issue since Biblical times.
This is evident from the commandment to divide the land of Israel among the tribes in proportion to their
size (Numbers 26:53-54), through the protests of the prophets against unfair land allocation (e.g. Isaiah
5:8), to the latter-day prophecies describing a futuristic fair land division (e.g. Ezekiel 47:14).

Land division is, of course, not only an Israeli problem. It has been an important issue all around the
globe. Fair division of land has been the goal of numerous land reforms carried out in all five continents
throughout history.2 The earliest recorded land-reform attempts were done by Egyptian king Bakenranef
in 8th century BC (Powelson, 1988). The latest such attempt was done by the Scottish government in 2016
AD.3

1.2 The Fair Division Solution

This research studies fair division of land from the perspective of a computer scientist. Its goal is to develop
algorithms for fair division of land. The input to such an algorithm is a land-estate that has to be divided
among several people. The goal is that all people agree that the division is “fair”. When I tell people about
this goal, their immediate reply is:

That’s impossible! Different people have different tastes. Some people might claim that a fair
division should give each person access to the road; others might claim that that you must give
each person the same area of seashore; yet others might claim that you should give each person
the same probability of finding oil; there are as many opinions as there are people. How can
you hope to find a division that will be conceived as fair by everyone?

They are quite surprised when I tell them the following 4-word algorithm:

I cut.
You choose.

This algorithm is so simple, that it is even used by children to divide a birthday-cake. 4 It does not

1This is illustrated by the fact that people who own land can build a home in less than one year of labor (MarkerWeek 14.7.2013,
http://www.themarker.com/markerweek/1.2069919), in contrast to over 8 years that are required to buy a house without own-
ing land (Calcalist 26.02.15, http://www.calcalist.co.il/real_estate/articles/0,7340,L-3653354,00.html . See also BizPortal 4.4.2013
http://www1.bizportal.co.il/article/356140). Retrieved 21.11.16.

2See the Wikipedia page “Land reforms by country” for more details
3Land Reform (Scotland) Act 2016, http://www.gov.scot/Topics/Environment/land-reform retrieved 21.11.16
4This algorithm is already alluded to in the Bible (Genesis 13:9): when Abraham and Lot wanted to divide the land of Canaan

between them, Abraham suggested a division of the land to two parts, and let Lot be the first to choose his part. See Isaac
Dov Paris, "fairness and justice in dividing property" (Hebrew), http://www.daat.ac.il/mishpat-ivri/skirot/143-2.htm retrieved
21.11.16.
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require any details about the land. It does not need to know the location of the road, nor the amount of
seashore, nor the probability of finding oil, nor any other particular feature of the land. It can be imple-
mented by any two people on their own — they do not have to employ an expert (and expensive) real-estate
assessor.

Despite its simplicity, this algorithm can be called “fair”. To see why it is fair, suppose first that the
cutter divides the land to two pieces that are equal in his eyes, and that the chooser chooses the piece that
is better in his eyes. The resulting division has two properties:

1. Each person receives a piece that is worth at least 1/2 of the total value, according to his own taste.
This property is called proportionality.

2. Each person receives a piece that is at least as good as the other piece, according to his own taste.
This property is called envy-freeness.5

What happens if one of the participants does not follow the rules? In that case, the division is still “fair”
for the other participant. For example, if the cutter “breaks the rules” by cutting the cake to two unequal
pieces, then the chooser can still follow the rules and pick the piece that is better in his eyes, so his piece
is still worth at least 1/2 of the total value and at least as much as the other piece. Similarly, if the chooser
breaks the rules by choosing the piece that is worse in his eyes, then the cutter (who followed the rules) still
receives a piece that is worth exactly 1/2 of the total value and exactly the same as the other piece. When
you use this algorithm, you receive a personal fairness guarantee, that does not depend on what the other
person does: as long as you keep the rules, you are guaranteed a fair share.

Proportionality and envy-freeness are two very natural definitions of fairness, so it is nice that such a
simple algorithm “I cut, you choose” can guarantee both of them.

The success of the “I cut, you choose” algorithm for two people naturally invokes the question: what
happens when there are more than two people? The first person to ask this question was the Jewish-
Polish mathematician Hugo Steinhaus. After World War II, he posed this question to two of his students,
Banach and Knaster. They developed an algorithm that finds a proportional division for n people. Steinhaus
published their algorithm (Steinhaus, 1948). This publication initiated a new field of research, that is now
called: fair division.

Since then, the fair division problem has been studied by many researchers from different disciplines:
mathematicians, economists, computer scientists and political scientists. Each discipline has brought its
own questions and answers. Some of the interesting questions are: how can we find an envy-free division
for n people? What is the runtime complexity of fair division (how many queries are required)? What
happens if some of the items to divide are indivisible? What if the items have negative value (like a piece
of lawn that has to be mowed)? What are the strategic properties of fair division algorithms, when they are
viewed as competitive games? Is it possible to attain a fair division that is also economically efficient? What
if people have different entitlements? What if there are externalities between the agents? What if the agents
can form coalitions? And so on (see the Related Work section below for some references).

A particularly exciting recent development is the launching of several websites that let visitors apply
state-of-the-art fair division algorithms to their own problems: FairOutcomes6, The Fair Division Calcu-
lator7 and Spliddit.8 The latter website has been used by tens of thousands of visitors (Goldman and
Procaccia, 2015), demonstrating the practical usefulness of fair division algorithms.

1.3 Applying Fair Division to Land

In the world of fair division, there are many different kinds of problems, depending on whether the re-
sources to divide are homogeneous or heterogeneous, divisible or indivisible, and so on. We are interested
of fair division of land, which is heterogeneous and divisible. The sub-field of fair division that handles
heterogeneous and divisible resources is called fair cake-cutting. This uses the metaphor of Steinhaus (1948),
of cutting a birthday cake among several siblings with different tastes. Indeed, many researchers explicitly
mention land division as an important application of fair cake-cutting (e.g. Berliant and Raa, 1988; Berliant

5When there are two people and the entire land is divided, proportionality and envy-freeness are equivalent. This is not the
case when there are more than two people or when some of the land is left undivided, so these two properties are independent.

6http://www.fairoutcomes.com/
7https://www.math.hmc.edu/s̃u/fairdivision/calc/
8http://www.Spliddit.org
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et al., 1992; Legut et al., 1994; Chambers, 2005; Dall’Aglio and Maccheroni, 2009; Hüsseinov, 2011; Nicolò
et al., 2012).

However, the cake metaphor might be misleading. Land is not a cake, and indeed existing cake-cutting
algorithms have several shortcomings that make them impractical for division of land. This is the main
motivation for the present research. Our goal is to develop new division algorithms, that handle the con-
siderations that are important in land division.

We focus on three topics — three main differences between cakes and lands.

1. Geometry. When a cake is divided, the geometric shape of the pieces is usually ignored. It is often
assumed that the cake is a one-dimensional interval and that the pieces are sub-intervals or finite collections
thereof. In contrast, when land is divided, the two-dimensional geometric shape of the pieces is of crucial
importance. This work extends the cake-cutting model to handle multi-dimensional cakes. It presents
fair division algorithms that can handle multi-dimensional geometric constraints on the pieces. Due to its
length, this part is divided to two chapters:

• Chapter 3 focuses on the simpler fairness requirement — proportionality — each agent is guaranteed
a piece worth for him at least a given fraction of the total cake value. It presents algorithms that
guarantee that the pieces are squares or fat rectangles (rectangles with a balanced length/width ratio).

• Chapter 4 adds the second fairness requirement — envy-freeness — each agent is guaranteed a piece
worth for him at least as much as any other piece. It presents algorithms that guarantee that the
pieces are squares or fat rectangles, but can also handle more general geometric constraints such as
arbitrary fat pieces.

An interesting aspect of this work is the combination of different disciplines: computer science, geometry
and economics. Indeed, parts of this work have appeared in preliminary forms in the AAAI 2015 confer-
ence (Segal-Halevi et al., 2015a) and EuroCG 2016 conference, and are now under revision for the Journal
of Mathematical Economics.

2. Redivision. A cake is usually divided when it is fresh and new, so that no people have a previous claim
on it. In contrast, many land-resources are already divided, and it is often required to re-divide them, as in
a land-reform. In Chapter 5 we present algorithms for fair re-division, which balance the rights of existing
land-owners and those of new landless citizens. We first present a baseline algorithm for redivision without
geometric constraints. Then, we combine the redivision model with the geometry model and present a
redivision algorithm that can also handle one-dimensional and two-dimensional geometric constraints.

The redivision algorithms have implications on another important issue in fair division — the trade-
off between fairness and efficiency. Our redivision algorithms allow us to prove upper bounds on the
price-of-fairness — the loss of efficiency due to fairness considerations — with geometric constraints.

3. Family ownership. A piece of cake is usually eaten by a single person. In contrast, a plot of land is
usually owned by a group, such as a family or a community. Different family members may have different
preferences. In Chapter 6 we present algorithms for fair division that respect the different tastes of group
members.

While the primary focus of this research is land division, the concepts introduced herein are applicable in
other division problems. Geometric considerations are relevant when dividing other two-dimensional re-
sources, such as advertisement space in print or electronic media. Redivision considerations are relevant in
other dynamic division problems, such as dividing computation resources among processes. Group own-
ership considerations are relevant also in the classic economic setting of dividing homogeneous resources
among families. We believe the present research will enrich the general fair division literature by adding
these new considerations.

1.4 Related Work

Fair division has greatly evolved since the days of Steinhaus, with hundreds of research papers and several
books (Brams and Taylor, 1996; Robertson and Webb, 1998; Moulin, 2004; Barbanel, 2005; Brams, 2007;
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Brânzei, 2015). A comprehensive survey of this literature is beyond the scope of this work, but to illustrate
the diversity of the fair division research, we present some of its questions below.

1. A long-standing open question was how to find an envy-free cake-cutting for n people. The Banach-
Knaster algorithm from the forties guarantees a division that is proportional but not necessarily envy-free.
Envy-free division turned out to be much more difficult. It was solved only in the nineties. Three different
algorithms find an envy-free division with disconnected pieces in finite but unbounded time (Brams and Taylor,
1995; Robertson and Webb, 1998; Pikhurko, 2000). A fourth algorithm finds an envy-free division with
connected pieces but in infinite time. Brams et al. (2011) prove that the divide-and-conquer algorithm of Even
and Paz (1984), while not guaranteeing envy-freeness, minimizes the maximum number of players that
any single player can envy (the minimum taken over a family of algorithms for proportional cake-cutting).

2. Computer scientists have been mainly interested in the computational complexity of cake-cutting:

• How many queries are required to find a proportional cake-cutting? The Banach-Knaster algorithm
uses O(n2) queries, but a later algorithm by Even and Paz (1984) requires only O(n log n) queries.
Moreover, recent results by Edmonds and Pruhs (2006b); Woeginger and Sgall (2007) show that this
is asymptotically optimal.

• How many queries are required for envy-free cake-cutting? Stromquist (2008) proved that an infi-
nite number of queries may be required when the pieces are connected; Procaccia (2009) proved that
Ω(n2) queries may be required when pieces may be disconnected. Gasarch (2015) presented a com-
parison among the three unbounded procedures for envy-free fair division. Very recently, Aziz and
Mackenzie (2016) published the first bounded-time algorithm for envy-free cake-cutting (with dis-

connected pieces). Their algorithm requires nnnnnn

queries, much more than the upper bound of n2,
so there is still a lot of room for improvement. We made a modest contribution to this line of research
by presenting quicker algorithms for envy-free cake-cutting, with either connected or disconnected
pieces, when it is allowed to leave some cake unallocated (Segal-Halevi et al., 2015b).

3. The strategic aspects of cake-cutting have attracted the attention of researchers in algorithmic mecha-
nism design:

• Are there fair cake-cutting algorithms that are also truthful, meaning that an agent always receives
the highest possible value by playing according to his true valuations? “I cut, you choose” is not
truthful, since an agent who knows the other agent’s preferences may get a better piece by playing
untruthfully. This will not damage the fairness guarantee to the other agent, but it might encourage
the agents to spy on each other, which is undesirable. Recently, Chen et al. (2013); Aziz and Ye
(2014) showed truthful algorithms for the special cases in which the agents’ valuations are piecewise-
uniform or piecewise-constant. In contrast, Brânzei and Miltersen (2015) showed that in the general
case, every truthful query-based algorithm might give one of the agents a worthless piece, so there is
a fundamental conflict between truthfulness and fairness.

• What happens when agents can not only lie about their preferences, but also create duplicates? Tsu-
ruta et al. (2015) study the notion of false-name-proof mechanisms for cake-cutting.

• How do agents behave when they play a non-truthful cake-cutting algorithm? Is there a Nash equi-
librium, and what are its properties? Brânzei et al. (2016) present a framework for studying this
question and give some answers.

4. Economists have been mainly interested in the economic efficiency of cake-cutting:

• The fundamental definition of economic efficiency is Pareto-efficiency — there is no allocation which is
better for one person and not worse for another one. Varian (1974) proved that, under fairly general
conditions, there exists a Pareto-efficient and envy-free division of homogeneous resources. Weller
(1985) proved a similar resource for a cake — a heterogeneous resource. Barbanel (2005) presented al-
ternative proofs. Reijnierse and Potters (1998) showed how to (approximately) find a Pareto-efficient
envy-free cake division. These results give each agent a disconnected piece. If each agent must get
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a connected piece, then an envy-free and Pareto-efficient division might not exist (Stromquist, 2007).
What if each agent may get a union of two connected pieces? This question is still open.

• Another measure of economic efficiency is the social welfare — usually defined as the sum of utilities
of all agents (Bentham, 1789; Mill, 1863). It is possible to calculate an allocation that approximates
the maximum welfare (Aumann et al., 2013), but this allocation might not be fair. In contrast, a fair
allocation might have a low social welfare. This invokes the question of what is the “price of fairness”
— how much does society have to pay, in terms of welfare, for the different fairness requirements?
Aumann and Dombb (2015) and Caragiannis et al. (2012) and Arzi (2012) study this question in
various settings. Finally, Cohler et al. (2011); Bei et al. (2012) show how to calculate an allocation with
optimal social welfare subject to fairness requirements.

5. What happens when there are indivisible items? The “I cut, you choose” algorithm assumes that the
cake can always be divided to halves without losing value, but what if there are houses or trees, that cannot
be divided? The papers on this topic are far too many to mention; see Bouveret et al. (2016) for a recent
survey.

6. What happens when different agents have different entitlements? McAvaney et al. (1992) and Robert-
son and Webb (1995) present some solutions, but they require a large number of cuts; it is still open whether
such weighted-fair divisions can be found using a smaller number of cuts.

7. What happens when there are externalities, i.e, the utility of an agent depends on the pieces allocated
to other agents? See Brânzei et al. (2013). What happens when agents can cooperate and form coalitions
before the division process? See Dall’Aglio et al. (2009).

In each of the following chapters, we present work that is more closely related to that chapter.
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Chapter 2

Model

This chapter presents general definitions and notations that are applicable in all following chapters. Each
of the following chapters will contain additional definitions and notations specific to that chapter.

2.1 Cake

The object that should be divided is called a cake, and denoted by C. In the cake-cutting literature, it is often
assumed that C is a one-dimensional interval. In this work, we will usually assume that C is a polygon in
the Euclidean plane R2, but we will also consider more general cakes that are objects in a d-dimensional
Euclidean space Rd.

Pieces of C are Borel subsets of C — the subsets that can be formed from open subsets through the
operations of countable union, countable intersection, and relative complement.

2.2 Agents

The people among whom the cake should be divided are called agents. There are n agents, where n ≥ 1.
Each agent i ∈ {1, . . . , n} has a value-density function vi, which is a real, integrable, bounded and non-

negative function on C. Value-density functions are common in real-estate assessments, for example, it
is common to say that “in neighborhood X, the house prices are $2000 per square meter.” However, it
should be emphasized that each agent has a personal value-density function, that need not be related to
the market prices. Different agents may have different value-density functions; this is what makes the fair
division problem interesting.

The value of a piece Xi to agent i is marked by Vi(Xi) and it is the integral of its value-density:

Vi(Xi) =
∫

x∈Xi

vi(x)dx

Even when C is unbounded, we assume that the vi have finite support — they are nonzero only in a
bounded subset of C. Hence the Vi are always finite.

The definition implies that the Vi are measures. In particular, they are countably additive: when a piece
is divided to parts (even countably many parts), the value of the piece equals the sum of the values of its
parts.

Moreover, the definition implies that the Vi measures are absolutely continuous with respect to the Lebesgue
measure, i.e., any piece with zero Lebesgue measure (length, area, etc.) has zero value to all agents. This
implies, in particular, that from any piece with a value of V, we can cut a sub-piece with a value of α · V,
for any fraction α ∈ [0, 1]. This assumption is already implicitly made by the “I cut, you choose” algorithm
— it assumes that the cutter can cut the cake into two pieces with a value of exactly half the original value.
Now we have a formal model that justifies this assumption.

2.3 Queries

The division protocols access the value measures via queries (Robertson and Webb, 1998): an eval query asks
an agent to reveal its value for a specified piece of cake; a mark query asks an agent to mark a piece of cake
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with a specified value.
In this work, we ignore strategic considerations and assume that all agents answer truthfully. As usual

in the cake-cutting literature since Steinhaus (1948), the fairness guarantees of our algorithms are valid for
every single agent answering the queries truthfully, regardless of the behavior of the other agents. This is
the common practice in the cake-cutting world.1

However, our protocols are not dominant-strategy-truthful, i.e, an agent may gain by answering un-
truthfully. Designing dominant-strategy-truthful mechanisms for cake-cutting is known to be a difficult
problem even in one dimension (Brânzei and Miltersen, 2015).

As an alternative to queries, it may be more convenient to let agents submit their entire value-density
function to a referee, who will calculate the division for them.2 One way to do this is illustrated in a simple
web-page that I built to demonstrate some of the algorithms for two-dimensional land division (Chapter
3).3 The web-page lets the agents arrange points on the cake. Each point represents a certain amount
of value. So, each agent can put more points in areas that are more valuable in his/her eyes. Once the
points are arranged, the application automatically uses them to calculate the valuation functions and the
fair division, without the need to query the agents.

2.4 Allocations

An allocation is a vector of n pieces, X = (X1, . . . , Xn), one piece per agent, such that the Xi are pairwise-
disjoint and contained in C. We express the latter two facts succinctly using the “disjoint union” operator,
t :

X1 t · · · t Xn ⊆ C

The above definition implies that some cake may remain unallocated, i.e, free disposal is assumed. This is a
reasonable assumption in land division: it is usually allowed, and often even desired, to leave some public
lands unallocated.

2.5 Fairness

There are two common definitions of fairness. Both of them are natural generalizations of the guarantees
of the “I cut, you choose” protocol described in the introduction.

1. Proportionality. Traditionally, a division X is called proportional if each agent receives at least 1/n of
the total cake value, according to its personal valuation:

∀i ∈ {1, . . . , n} : Vi(Xi) ≥ Vi(C)/n

In this work, we will often have to relax the proportionality requirement and require partial-proportionality.

Definition 2.5.1. The proportionality of a division X is defined as the largest value p such that:

∀i ∈ {1, . . . , n} : Vi(Xi) ≥ p ·Vi(C)

Equivalently, the proportionality of X is:

Prop(X) :=
n

min
i=1

Vi(Xi)/Vi(C)

By this definition, X is proportional if-and-only-if Prop(X) ≥ 1/n.

1In the words of Steinhaus (1948): “The greed, the ignorance, and the envy of other partners cannot deprive him of the part
due to him in his estimation; he has only to keep to the methods described above. Even a conspiracy of all other partners with the
only aim to wrong him, even against their own interests, could not damage him.”

2We are grateful to a referee for suggesting this option.
3http://tora.us.fm/geometry/fair-division.html
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2. Envy-freeness A division X is called envy-free if each agent receives at least as much as any other
agent, according to its personal valuation. Formally:

Definition 2.5.2. A division X is called envy-free if

∀i, j ∈ {1, . . . , n} : Vi(Xi) ≥ Vi(Xj)

2.6 Geometry

The geometric constraints on the pieces (if any) are represented by a set of usable pieces, which is denoted by
S. For example, S may be the family of intervals, rectangles or squares. An element of S is called an S-piece.
We assume that each agent can use only a single S-piece.4 An allocation X where for every i, Xi ∈ S, is
called an S-allocation.

Based on the value measures Vi and the geometric family S, the fair land division problem can be
formulated in two equivalent ways.

1. Geometry is an external restriction. The division algorithms must return only S-allocations. So, for
example, an envy-free land-division algorithm should give each agent i an S-piece Xi such that ∀i, j :
Vi(Xi) ≥ Vi(Xj).

2. Geometry is a part of the agents’ utility functions. An agent can derive utility only from an S-piece;
when his allotted land-plot is not an S-piece, he selects the most valuable S-piece contained therein and
utilizes it. For each agent i, we define the S-value function, which assigns to each piece Xi the value of the
most valuable usable piece contained in it:

VS
i (Xi) = sup

s∈S , s⊆Xi

Vi(s)

Now, the division algorithms may return any allocation, but the fairness guarantees are judged according
to the agents’ S-value functions. So, for example, an envy-free land-division algorithm should give each
agent i a piece Xi such that ∀i, j : VS

i (Xi) ≥ VS
i (Xj). Note that, in contrast to the Vi that are measures,

the VS
i are usually not measures since they are not additive. This means that cake-cutting algorithms that

require additivity cannot be used.

The above two formulations are equivalent and we will use them interchangeably.

Fatness

In land division, it is often preferred that the pieces will have a balanced length/width ratio — not too long
in one dimension and too short in another dimension. This preference is captured by the the concept of
fatness, which we adapt from the computational geometry literature, (e.g. Agarwal et al., 1995; Katz, 1997):

Definition 2.6.1. Let R ≥ 1 be a real number. A d-dimensional piece is called R-fat, if it contains a d-
dimensional cube B− and is contained in a parallel d-dimensional cube B+, such that the ratio between the
side-lengths of the cubes is at most R: len(B+)/len(B−) ≤ R.

A 2-dimensional cube is a square. So, for example, the only 2-dimensional 1-fat shape is a square. An
L× 1 rectangle is L-fat, a right-angled isosceles triangle is 2-fat and a circle is

√
2-fat (see Figure 2.1).

Note that R is an upper bound, so if R2 ≥ R1, every R1-fat piece is also R2-fat. So a square is also e.g.
2-fat and 3-fat, but a 10-by-20 rectangle is not 1-fat.

4If we want to allow each agent to use e.g. two squares, then we can just define S to be the family of all square-pairs. So the
assumption of one S-piece per agent does not lose generality.
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1 fat 2 fat 2 fat
√

2 fat 3 fat

Figure 2.1: Fatness of several 2-dimensional geometric shapes. The dashed square is the largest contained
cube; the dotted square is the smallest containing parallel cube. The shape is R-fat if the ratio of the side-
lengths of these squares is at most R.
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Chapter 3

Geometric Proportional Division
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This chapter was presented in the EuroCG 2016 conference and is now under revision for the Journal of Mathematical
Economics.

3.1 Introduction

In many cake-cutting papers, it is assumed that the cake is a one-dimensional interval and the pieces are
sub-intervals. This assumption is usually justified by the reasoning that higher-dimensional settings can
always be projected onto one dimension, and hence fairness in one dimension implies fairness in higher
dimensions.1 However, projecting back from the one dimension, the resulting two-dimensional plots are
thin rectangular slivers, of little use in most practical applications; it is hard to build a house on a 10× 1, 000
meter plot even though its area is a full hectare, and a thin 0.1-inch wide advertisement space would ill-
serve most advertisers regardless of its height.

We claim that the two-dimensional shape of the allotted piece is of prime importance. Hence, we seek di-
visions in which the allotted pieces must be of some restricted family of “usable” two-dimensional shapes,
e.g. squares or polygons of balanced length/width ratio.

Adding a two-dimensional geometric constraint re-opens most questions and challenges related to
cake-cutting. Indeed, even the elementary proportionality criterion can no longer be guaranteed.

Example 3.1.1. A homogeneous square land-estate has to be divided between two heirs. Each heir wants
to use his share for building a house with as large an area as possible, so the utility of each heir equals
the area of the largest house that fits in his piece (see Figure 3.1). If the houses can be rectangular, then it
is possible to give each heir 1/2 of the total utility (a); if the houses must be square, it is possible to give
each heir 1/4 of the total utility (b) but impossible to give both heirs more than 1/4 the total utility (c). In
particular, when the allotted pieces must be square, a proportional division does not exist.2

This example invokes several questions. What happens when the land-estate is heterogeneous and each
agent has a different utility function? Is it always possible to give each agent a 2-by-1 rectangle worth for
him at least 1/2 the total value? Is it always possible to give each agent a square worth for him at least 1/4
the total value? Is it even possible to guarantee a positive fraction of the total value? If it is possible, what

1In the words of Woodall (1980): "the cake is simply a compact interval which without loss of generality I shall take to be [0,1].
If you find this thought unappetizing, by all means think of a three-dimensional cake. Each point P of division of my cake will
then define a plane of division of your cake: namely, the plane through P orthogonal to [0,1]".

2Berliant and Dunz (2004) use a very similar example to prove the nonexistence of a competitive equilibrium when the pieces
must be square.
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(a) Two disjoint rectangles worth 1/2 (b) Two disjoint squares worth 1/4 (c) No two disjoint squares worth more than 1/4

Figure 3.1: With geometric constraints, a proportional allocation might not exist.

division procedures can be used? How does the answer change when there are more than two agents?
Such questions are the topic of the present chapter.

We use the term proportionality to describe the fraction that can be guaranteed to every agent. So when
the shape of the pieces is unrestricted, the proportionality is always 1/n, but when the shape is restricted,
the proportionality might be smaller. Naturally, the attainable proportionality depends on both the shape
of the cake and the desired shape of the allotted pieces. For every combination of cake shape and piece
shape, one can prove impossibility results (for proportionality levels that cannot be guaranteed) and possibil-
ity results (for the proportionality that can be guaranteed). While we examined many such combinations,
the present chapter focuses on several representative scenarios which, in our opinion, demonstrate the
richness of the two-dimensional cake-cutting task.

Walls and unbounded cakes

In Example 3.1.1, the two pieces had to be contained in the square cake. One can think of this situation as
dividing a square island surrounded in all directions by sea, or a square land-estate surrounded by 4 walls:
no land-plot can overlap the sea or cross a wall.

In practical situations, land-estates often have less than 4 walls. For example, consider a square land-
estate that is bounded by sea to the west and north but opens to a desert to the east and south. Allocated
land-plots may not flow over the sea shore, but they may flow over the borders to the desert.

Cakes with less than 4 walls can also be considered as unbounded cakes. For example, the above-
mentioned land-estate with 2 walls can be considered a quarter-plane. The total value of the cake is as-
sumed to be finite even when the cake is unbounded. When considering unbounded cakes, the pieces are
allowed to be “generalized squares” with an infinite side-length. For example, when the cake is a quarter-
plane (a square with 2 walls), we allow the pieces to be squares or quarter-planes. When the cake is a
half-plane (a square with 1 wall), we also allow the pieces to be half-planes, etc. The terms “square with 2
walls” and “quarter-plane” are used interchangeably throughout the chapter.

3.1.1 Results

Our results can be broadly summarized as follows.

• Negative results: when the pieces have to be squares or fat rectangles, a proportional division is
usually 3 not guaranteed to exist. Moreover, there is a small constant A > 1 that depends on the
shape of the cake and usable pieces, such that the largest value that can be guaranteed to all agents is
1/(A · n).

• Positive results: when the pieces have to be squares or fat rectangles, a constant-factor approximation
to a proportional division is usually guaranteed to exist: there is a small constant B > 1 that depends
on the shape of the cake and usable pieces, such that all agents can be guaranteed a value of at least
1/(B · n).

3We have proved this for most, but not all the cases that we have studied. The exception is when the cake is an unbounded
plane and the pieces are non-parallel squares: in this case, we do not know whether a proportional division always exists. See
Table 3.1 below.
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Cake ↓ Impossibility Possibility

Square pieces
R-Fat rects

(R ≥ 2) Square pieces
R-Fat rects

(R ≥ 2)

4 walls
(Square) 1/(2n) * 1/(2n− 1)

1/(4n− 4) *
same: 1/(2n) *

1/(4n− 5)
same: 1/(2n− 1)

3 walls 1/(2n− 1) 1/(2n− 1)

2 walls
(quarter-plane) 1/(2n− 1) 1/(2n− 1)

1 wall
(half-plane) 1/( 3

2 n− 1) 1/(2n− 2)

0 walls
(plane)

axes-parallel: 1/( 10
9 n− 1) 1/ max(2n− 4, n)

parallel: 1/( 30
29 n− 1)

general: ? ?

Table 3.1: Summary of results for square cakes: upper and lower bounds on the level of attainable absolute
proportionality.
All results assume that there are at least two agents (n ≥ 2).
* means that the results are valid not only for square pieces but also for R-fat rectangles with R < 2.
? means that we do not have a non-trivial impossibility result for this case .

The constant A in our negative results is at most 2, and the constant B in our positive results is at least 2;
this leads us to conjecture that the "real" constant is 2, i.e, a half-proportional division with square pieces
always exists, and half-proportionality is the best that can be guaranteed. Currently we can prove this
conjecture only in several restricted scenarios, that are presented below.

Square cakes bounded or unbounded

In the first set of results, the cake is a square bounded in zero or more sides. Table 3.1 summarizes our
negative and positive results:

The Impossibility column shows upper bounds on the attainable proportionality. Each upper bound is
proved by showing a specific scenario in which it is impossible to give all agents more than the mentioned
fraction of their total value. The upper bound for a square with 4 walls and n = 2 is 1/(2n) = 1/4, as was
already seen in Example 3.1.1. The upper bounds for an unbounded plane are valid only when the pieces
must be squares parallel to a pre-specified coordinate system, or parallel to each other (as is common in
urban planning). The other upper bounds are valid even when the squares are allowed to be non-parallel.

The Possibility column shows our positive results. Each such result is proved constructively by an
explicit division procedure that gives each agent at least the mentioned fraction of their total value. The
same result means that there exists a different division procedure that guarantees a larger fraction per agent,
but this procedure works only when all agents have the same valuations. We do not know whether there
exists a division procedure that guarantees this larger fraction for agents with different valuations.

Note that all our impossibility results hold even for agents with the same valuations, and all our divi-
sion procedures return axes-parallel pieces.

Intuitively, one may think that allowing rectangles instead of just squares should considerably increase
the attainable proportionality level. But this is not the case if the pieces need to be fat. As seen in the table,
most results for fat rectangles are almost the same as for squares. The only exception is the impossibility
result for an unbounded plane, which we have not managed to extend to R-fat rectangles.

For n = 2, the proportionality levels in our possibility results are equal to the impossibility results. For
a cake with two or three walls the guaranteed proportionality is equal to the impossibility result for every
n. This means that in these cases, our procedures are optimal in their worst-case guarantee. For a cake with
4 walls, the guaranteed proportionality for agents with the same value measure is optimal. In the other
cases, there is a multiplicative gap of at most 2 between the possibility and the impossibility result.

A secondary consideration in geometric division problems, in addition to value, is the type of cuts used
for implementing the division. In some cases, guillotine cuts are preferred. Guillotine cuts are axis-parallel
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Figure 3.2: A circular cake where all value is near the perimeter. No positive value can be guaranteed to
an agent who wants a square piece.

Pieces ↓ Impossibility Possibility

Parallel
squares 1/(2n)

1/(8n− 6)
same: 1/(2n)

General
squares 1/(2n)

1/(16n− 14)
same: 1/(2n)

Parallel
R-fat rectangles 1/(2n− 1)

1/([4R + 4][n− 1] + 2)
same: 1/(2n)

Table 3.2: Summary of results for arbitrary compact cakes: upper and lower bounds on the level of attain-
able relative proportionality.

cuts running from one end to the opposite end of an already cut piece. They are considered easier to
implement (e.g. Alvarez-Valdés et al., 2002; Cui et al., 2008; Hifi et al., 2011). In the industry, guillotine
cuts are used for cutting stock such as plates of glass. In the context of land division, guillotine cuts may
be desired because they may make it easier to build fences between land-plots. Our procedures for a cake
with 4 walls find divisions that can be implemented using guillotine cuts. The other procedures use general
cuts, and we do not know if it is possible to attain the same value guarantees using guillotine cuts.

Bounded cakes of any shape

While some states in the USA are rectangular (e.g. Colorado or Wyoming), most land-estates have irreg-
ular shapes. In such cases, it may be impossible to guarantee any positive proportionality. For example,
consider Robinson Crusoe arriving at a circular island. Assume that Robinson’s value measure is such that
all value is concentrated in a very thin strip along the shore, as in Figure 3.2. The value contained in any
single square might be arbitrarily small. Clearly, no division procedure for n agents can guarantee a better
fraction of the total value.

Therefore, for arbitrary cakes we use a relative rather than absolute fairness measure. For each agent,
we calculate the maximum value that this agent can attain in a square piece if he doesn’t need to share the
cake with other agents. We guarantee the agent a certain fraction of this value, rather than a certain fraction
of the entire cake value. This fairness criterion is similar to the uniform preference externalities criterion
suggested by Moulin (1990b). Similar criteria have been recently studied in the context of indivisible item
assignment (Budish, 2011; Procaccia and Wang, 2014; Bouveret and Lemaître, 2015).

Table 3.2 summarizes our bounds on relative proportionality. The impossibility results follow trivially
from those for square cakes. The possibility results require new division procedures. They are valid for
any cake that is a compact (closed and bounded) subset of the plane. The guarantees are better when the
pieces are required to be axis-parallel. This is in accordance with the common practice in urban planning,
in which axis-parallel plots are usually preferred.
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3.1.2 Techniques

Most of our division procedures can be presented as sequences of auctions.4 The general process is as
follows. Initially, each of the n agents receives a ticket with an entitlement to share a certain cake, C, in a
group of n agents. Then, the divider performs a well-designed sequence of auctions. In each auction, the
winning agents exchange their ticket for another ticket with an entitlement to share a smaller cake C′ ⊂ C
in a smaller group of n′ < n agents. This goes on until finally each agent holds a private entitlement for a
single piece of the cake. Note that there are no monetary payments: the winners ’pay’ only by giving away
their tickets.

We use auctions of two types: mark auction and eval auction.5 They are presented briefly below; formal
definitions and detailed examples are given in Section 3.4.

• In a mark auction, each agent bids by marking a piece of cake. All bids must satisfy a given geometric
constraint (such as "mark a square at the bottom-left corner"). An agent bidding a piece Xi is inter-
preted as saying "I am willing to give my ticket in exchange for Xi". The agent bidding the smallest
piece is the winner. The winner receives his bid and goes home, while the remaining agents continue
to divide the remaining cake.

• In an eval auction, the divider specifies a piece C′ ⊂ C, and each agent bids by declaring his/her
evaluation of C′. An agent bidding a value V is interpreted as saying "I am willing to give my ticket
for sharing C in a group of n, in exchange for a ticket for sharing C′ in a group of n′(V).". Here n′

is some weakly-increasing function of V that depends on the situation. The agent or agents bidding
the highest values are the winners, since they are willing to share C′ with the largest number of other
agents. The number of winners is determined as the largest value n′ such that the n′ highest winners
are willing to share C′ in a group of n′. These winners go on and divide C′ among them, while the
remaining n− n′ agents continue to compete on C \ C′.

The geometric constraints are carefully designed in order to guarantee that the final pieces are usable. A
key geometric concept here is the cover number — the minimum number of squares required to cover a
given region. By making sure that all sub-pieces have a sufficiently small cover-number, we ensure that
they can be divided effectively. See Section 3.4 for details.

3.1.3 Related work

Many authors regard land division as an important application of division procedures (e.g. Berliant and
Raa, 1988; Berliant et al., 1992; Legut et al., 1994; Chambers, 2005; Dall’Aglio and Maccheroni, 2009; Hüs-
seinov, 2011; Nicolò et al., 2012). Hence, they note the importance of imposing some geometric constraints
on the pieces allotted to the agents.

The most well-studied constraint is connectivity — each agent should receive a single connected piece.
The cake is usually assumed to be the one-dimensional interval [0, 1] and the allotted pieces are sub-
intervals (e.g. Stromquist, 1980; Su, 1999; Nicolò and Yu, 2008; Azrieli and Shmaya, 2014)). Several
authors studied a circular cake (Thomson, 2007; Brams et al., 2008; Barbanel et al., 2009), but it is still a
one-dimensional circle and the pieces are one-dimensional arcs.

The importance of the multi-dimensional geometric shape of the plots was noted by several authors.
Hill (1983); Beck (1987); Webb (1990); Berliant et al. (1992) study the problem of dividing a disputed

territory between several bordering countries, with the constraint that each country should get a piece that
is adjacent to its border.

Berliant et al. (1992); Ichiishi and Idzik (1999); Dall’Aglio and Maccheroni (2009) acknowledge the im-
portance of having nicely-shaped pieces in resolving land disputes. They prove that, if the cake is a sim-
plex in any number of dimensions, then there exists an envy-free and proportional partition of the cake
into polytopes. However, this proof is purely existential when the cake has two or more dimensions. Ad-
ditionally, there are no restrictions on the fatness of the allocated polytopes and apparently these can be
arbitrarily thin triangles. Berliant and Dunz (2004) studies the existence of competitive equilibrium with

4The relation between division procedures and auctions has already been mentioned by Brams and Taylor (1996).
5The two auction types are analogous to the two query types — mark query and eval query — used in the cake-cutting literature

in computer science, e.g. Robertson and Webb (1998); Woeginger and Sgall (2007). In fact, each mark/eval auction can be im-
plemented by n mark/eval queries. Therefore, all our division procedures require O(poly(n)) queries. We prefer to use auctions
because their economic meaning is clearer.
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utility functions that may depend on geometric shape; their nonwasteful partitions assumption explicitly ex-
cludes fat shapes such as squares. Devulapalli (2014) studies a two-dimensional division problem in which
the geometric constraints are connectivity, simple-connectivity and convexity.

Iyer and Huhns (2009) describe a procedure for giving each agent a rectangular plot with an aspect ratio
determined by the agent. Their procedure asks each of the n agents to draw n disjoint rectangles on the map
of the two-dimensional cake. These rectangles are supposed to represent the “desired areas” of the agent.
The procedure tries to give each agent one of his n desired areas. However, it does not succeed unless each
rectangle proposed by an individual intersects at most one other rectangle drawn by any other agent. If
even a single rectangle of Alice intersects two rectangles of George (for example), then the procedure fails
and no agent gets any piece.

In our model (see Section 3.2), the utility functions depend on geometry, which makes them non-
additive. They are not even sub-additive like in the models of Maccheroni and Marinacci (2003); Dall’Aglio
and Maccheroni (2005, 2009). 6 Previous papers about cake-cutting with non-additive utilities can be
roughly divided to two kinds: some (Berliant and Dunz, 2004; Sagara and Vlach, 2005; Hüsseinov and
Sagara, 2013) handle general non-additive utilities but provide only pure existence results. Others (Su,
1999; Caragiannis et al., 2011; Mirchandani, 2013) provide constructive division procedures but only for a
1-dimensional cake. Our approach is a middle ground between these extremes. Our utility functions are
more general than the 1-dimensional model but less general than the arbitrary utility model; for this class
of utility functions, we provide both existence results and constructive division procedures.

Besides fair division problems, geometric methods have been used in many other economics problems,7

such as voting (Plott, 1967), trade theory and growth theory (e.g. Johnson, 1971), tax burdens (Hines et al.,
1995), social choice (Cantillon and Rangel, 2002), mechanism design (Goeree and Kushnir, 2011), public
good/bad allocation (e.g. Öztürk et al., 2013, 2014; Chatterjee et al., 2016), utility theory (Abe, 2012) and
general economics models (Michaelides, 2006).

With square pieces a proportional allocation may not exist, so we have to settle for partial-propor-
tionality. Other goals that justify partial-proportionality are speed of computation (Edmonds and Pruhs,
2006a; Edmonds et al., 2008), improving the social welfare (Zivan, 2011; Arzi, 2012) and guaranteeing a
minimum-length constraint of a 1-dimensional piece (Caragiannis et al., 2011).

3.2 Model

We briefly recall some terminology from Chapter 2 (see there for formal definitions).

• C is the cake to be divided. In this chapter it will usually be a polygon or a polygonal domain in the
Euclidean plane R2.

• S is the family of pieces that are considered usable. An S-piece is an element of S. In this chapter it will
usually be the family of squares or fat rectangles.

• For each agent i ∈ {1, . . . , n}, Vi(Xi) is agent i’s value-measure of the piece Xi.

• For each agent i ∈ {1, . . . , n}, VS
i (Xi) is agent i’s utility of the piece Xi. It is the value-measure of the

most valuable S-piece contained in Xi.

The fairness of an allocation is determined by the agents’ normalized values. Values can be normalized in
two ways:

• either divide them by the absolute cake value for the agent and get Vi(Xi)/Vi(C),

• or divide them by the relative cake utility for the agent and get Vi(Xi)/VS
i (C).

6Dall’Aglio and Maccheroni (2009) do not explicitly require sub-additivity, but they require preference for concentration: if an
agent is indifferent between two pieces X and Y, then he prefers 100% of X to 50% of X plus 50% of Y. This axiom is incompatible
with geometric constraints: an agent who wants square pieces will give away 100% of a 20× 10 rectangle, in exchange for 50% of
a 20× 20 square that is the union of two such rectangles. We are grateful to Marco Dall’Aglio for his help in clarifying this issue.

7We are thankful to Steven Landsburg, Michael Greinecker, Kenny LJ, Alecos Papadopoulos, B Kay and Martin van der Linden
for contributing these references in economics.stackexchange.com website (http://economics.stackexchange.com/q/6254/385).
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Throughout the chapter absolute normalization is used, except in Subsection 3.5.6 where relative normal-
ization is used.

An allocation is called proportional if the normalized value of every agent is at least 1/n. Example 3.1.1
shows that a proportional allocation is not always attainable (whether absolute or relative normalization is
used). Hence, we define:

Definition 3.2.1. (Absolute proportionality) For a cake C, a family of usable pieces S and an integer n ≥ 1:
(a) The proportionality level of C, S and n, marked Prop(C, S, n), is the largest fraction r ∈ [0, 1] such that,

for every n value measures (Vi, ..., Vn), there exists an S-allocation (X1, ..., Xn) for which ∀i : Vi(Xi)/Vi(C) ≥
r.8

(b) The same-value proportionality level of C, S and n, marked PropSame(C, S, n), is the largest fraction
r ∈ [0, 1] such that, for every single value measure V, there exists an S-allocation (X1, ..., Xn) for which
∀i : V(Xi)/V(C) ≥ r.

The analogous definition for relative proportionality is given in Subsection 3.5.6.
Obviously, for every C, S and n: Prop(C, S, n) ≤ PropSame(C, S, n) ≤ 1/n.
Applying this notation, classic cake-cutting results (e.g. Steinhaus, 1948) imply that for every cake C

Prop(C, All, n) = PropSame(C, All, n) = 1/n

where "All" is the collection of all pieces. That is: when there are no geometric constraints on the pieces,
for every cake C and every combination of n continuous value measures there is a division in which each
agent receives a utility of 1/n, which is the best that can be guaranteed. One-dimensional procedures
with contiguous pieces (e.g. Even and Paz, 1984) prove that Prop(Interval, intervals, n) = 1/n and when
translated to two dimensions they yield:

Prop(Rectangle, rectangles, n) = PropSame(Rectangle, Rectangles, n) = 1/n

However, these procedures do not consider constraints that are two-dimensional in nature, such as square-
ness. Such two-dimensional constraints are the focus of the present chapter.

Our challenge in the rest of this chapter will be to establish bounds on Prop(C, S, n) and PropSame
(C, S, n) for various cake shapes C and piece families S. Two types of bounds are provided:

• Impossibility results (upper bounds), of the form Prop(C, S, n) ≤ f (n) where f (n) ∈ [0, 1], are proved
by showing a set of n value measures on C, such that in any S-allocation, the value of one or more
agents is at most f (n). Such bounds are established in Section 3.3.

• Positive results (lower bounds), of the form Prop(C, S, n) ≥ g(n) where g(n) ∈ [0, 1], are proved by
describing a division procedure which finds, for every set of n value measures on C, an S-allocation
in which the value of every agent is at least g(n). Such bounds are established in Sections 3.4-3.5.

3.3 Impossibility Results

Our impossibility results are based on the following scenario.

• The cake C is a desert with only k water-pools; the set of pools is denoted Pk.

• Each pool in Pk is a square with side-length ε > 0 containing 1 unit of water.

• There are n agents with the same value measure: the value of a piece equals the total amount of water
in the piece. So the value of each pool in Pk is 1 and the total cake value is k.

• We say that a piece Xi is supported by Pk if Xi contains strictly more than 1 unit of water from Pk.
This implies that Xi touches at least two pools of Pk.

• We say that Pk supports m squares if there exists a collection of m pairwise-disjoint squares each of
which contains strictly more than one unit of water from Pk.

8Shortly: Prop(C, S, n) = infV supX mini Vi(Xi)/Vi(C), where the infimum is on all combinations of n value measures
(V1, ..., Vn), the supremum is on all S-allocations (X1, ..., Xn) and the minimum is on all agents i ∈ {1, ..., n}.
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a. Prop(C,Squares,2) ≤ 1/3

x

b. Prop(C,Squares,3) ≤ 1/5

Figure 3.3: Impossibility results in a quarter-plane cake.

a. Prop(C,Squares,2) ≤ 1/4

x

b. Prop(C,Squares,3) ≤ 1/6

Figure 3.4: Impossibility results in a square cake.

The latter definition implies the following lemma:

Lemma 3.3.1. A collection of k pools supports at most k− 1 squares.

Proof. Let Pk be a collection of k pools and suppose that it supports m squares. This means that there exists
a collection of m pairwise-disjoint squares, each of which contains more than one unit of water from Pk.
So the union of these squares contains strictly more than m units of water from Pk. Since each pool in Pk
contains exactly one unit of water, necessarily k ≥ m + 1 so m ≤ k− 1.

In each impossibility result, we present a set Pk and prove that it supports at most n − 1 squares.
This implies that, in every allocation of n pairwise-disjoint squares, at least one agent receives a piece
not supported by Pk — a piece with at most 1 unit of water. The value of this agent is at most a frac-
tion 1/k of the total cake value. This implies that PropSame(C, Squares, n) ≤ 1/k, which implies that
Prop(C, Squares, n) ≤ 1/k.

3.3.1 Impossibility results for two, three and four walls

We start with impossibility results for two agents.

Claim 3.3.1.
PropSame(Quarter plane, Squares, 2) ≤ 1/3

Proof. Let P3 be the set of 3 pools shown in Figure 3.3/a, where the bottom-left corners of the pools are
in (0, 0), (10, 0), (0, 10). Every square in C touching two pools of P3 must contain e.g. the point (6, 6) in
its interior (marked by x in the figure). Hence, every two squares touching two pools of P3 must overlap.
Hence, P3 supports at most one square. Hence, in any allocation of squares to two agents, at least one square
touches at most one pool of P3; the agent receiving such a square has at most 1/3 of the total value.

Claim 3.3.2.

PropSame(Square, Squares, 2) ≤ 1/4

Proof. Analogous to the previous claim, based on the set P4 shown in Figure 3.4/a.

To extend these results to n > 2 agents, we construct new sets of pools by shrinking existing sets into
pools of other sets.

As an example, consider P3 from the proof of Claim 3.3.1. Suppose the entire plane is shrunk (deflated)
towards the origin. If the deflation factor is sufficiently large, all three pools of the shrunk P3 are contained
in [0, ε] × [0, ε], which is a pool of the original P3. The cake itself (the quarter-plane) is not changed by
the deflation. By adding the other two pools of P3, namely (10, 0) and (0, 10), we get a larger pool set, P5,
which is depicted in Figure 3.3/b. We already know that the shrunk P3 supports at most one square. The
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a. Prop(C, Squares, 3) ≤ 1/4

x-x

b. Prop(C, Squares, 5) ≤ 1/7

Figure 3.5: Impossibility result for 3 agents on a half-plane. See Claims 3.3.5-3.3.6.

additional two pools support at most one additional square, since there is at most one square touching two
new pools or a new pool and a shrunk pool. Hence, P5 supports at most two squares. This proves that
PropSame(Quarter plane, Squares, 3) ≤ 1/5. The following claim generalizes this construction.

Claim 3.3.3. For every n ≥ 1:

PropSame(Quarter plane, Squares, n) ≤ 1
2n− 1

Proof. 9It is sufficient to prove that for every n there is an arrangement of 2n− 1 pools in C that supports
at most n− 1 squares. The proof is by induction on n. The base case n = 1 is trivial (and the case n = 2 is
Claim 3.3.1). For n > 2, assume there is an arrangement of 2(n− 1)− 1 pools that supports at most n− 2
squares. Deflate the entire arrangement towards the origin until it is contained in [0, ε]× [0, ε], where ε > 0
is a sufficiently small constant.

Add two new pools with side-length ε cornered at (10, 0) and (0, 10). We now have an arrangement
of 2n − 1 pools. Every square touching a new pool and another pool (either new or old), must contain
e.g. the point (6, 6) in its interior, so every two such squares must overlap. Hence, the additional pools
support at most one additional square. All in all, the new arrangement of 2n− 1 pools supports at most
(n− 2) + 1 = n− 1 squares.

The upper bound for two walls is also trivially true when the cake is a square with three walls, since
adding walls cannot increase the proportionality:

PropSame(Square with 3 walls, Squares, n) ≤ 1
2n− 1

The bound also holds for a square with 4 walls, but in this case a slightly tighter bound is true:

Claim 3.3.4. For every n ≥ 2,

PropSame(Square with 4 walls, Squares, n) ≤ 1
2n

Proof. W.l.o.g. assume C is the square [0, 10 + ε]× [0, 10 + ε]. Create the arrangement of 2(n− 1)− 1 pools
from the induction step of Claim 3.3.3. Deflate it into to [0, ε] × [0, ε]. The shrunk collection supports at
most n− 2 squares. Add three new pools with side-length ε cornered at (10, 0), (0, 10) and (10, 10), as in
Figure 3.4/b. Every square in C touching a new pool and another pool must contain (5, 5) in its interior.
Hence, the three additional pools allow us to support at most one additional square. All in all, the new
arrangement of 2n pools supports at most n− 1 squares.

3.3.2 Impossibility results for one wall

Claim 3.3.5.
PropSame(Hal f plane, Squares, n = 3) ≤ 1/4

Proof. Let P4 be the set of 4 pools shown in Figure 3.5/a. Assume the side-length of each pool is ε ≤ 0.01
and that their bottom-left corner is in (−5, 0), (0, 0), (0, 10), (5, 0). We prove that P4 supports at most 2
squares. Examine the squares in C that touch two pools of P4:

9We are grateful to Boris Bukh for the idea underlying this proof.
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• Every square touching (5, 0) and another pool must contain the point x (4, 4.5) in its interior.

• Every square touching (−5, 0) and another pool must contain the point -x (−4, 4.5).

• Every square touching (0, 0) and another pool must touch either x or -x or both.

Hence, in every set of three squares, each of which touches two pools of P4, at least two squares must
overlap. Hence, P4 supports at most two squares. Hence, in any allocation to three agents, at least one of
them receives at most 1/4 of the total value.

Claim 3.3.6. For every n ≥ 2:

PropSame(Hal f plane, Squares, n) ≤ 1
(3/2)n− 1

Proof. The proof is analogous to that of Claim 3.3.3. With each induction step, the current arrangement of
pools is shrunk towards the central pool at the origin, three new pools are added, but only two new squares
are supported. Hence the coefficient of n is 3/2. The −1 ensures that the right-hand side is a correct upper
bound for every n ≥ 2.

Figure 3.5/b shows the set of 7 pools for the case n = 5.

3.3.3 Impossibility results for zero walls

Finding an impossibility result for an unbounded cake is a challenging task. The main difficulty is that,
when there are no walls, any arrangement of pools can be rotated arbitrarily, as will be explained shortly.

We begin with impossibility results for the restricted case in which the squares must be parallel to a
specific coordinate system. Such a restriction may be meaningful, for example, in the installation of solar
power-plants or the building of houses with electric solar panels, where the positioning relative to the sun
is important.

Claim 3.3.7. Given a fixed coordinate system in the plane:

PropSame(Plane, Axes Parallel Squares, n = 5) ≤ 1/6

Proof. Let P6 be the set of 6 pools: A(0,2.5), B(-3,0), C(-1,0), C’(1,0), B’(3,0), A’(0,-2.5). We prove that P6
supports at most 4 axes-parallel squares. First, consider the squares that touch two pools of P6:

(a) P6 Pools:

B C C’ B’

A

A’

(b) Potential squares:

B C C’ B’

A

A’

We can ignore squares that contain other squares or that contain pools in their interior, since such squares
can be shrunk without interfering with other squares. Hence, any set of supported squares must contain a
subset of the following:

• At most two disjoint "top squares" (squares touching pool A) and two disjoint "bottom squares"
(touching pool A’). Each such square has a side-length of 2.5.
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• At most one "left square" (touching pools B and C), one "right square" (touching pools B’ and C’) and
one "central square" (touching C and C’). Each such square has a side-length of 2 and can be located
anywhere between y = −2 and y = 2. 10

We prove that at most four of these squares can be supported simultaneously. There are two cases:
Case #1: there are no bottom squares. The pool A’ is not used, so only 5 pools are used. By Lemma

3.3.1, these pools can support at most 4 squares. The situation is similar if there are no top squares, since in
this case the pool A is not used.

Case #2: there is at least one bottom square (e.g, a square supported by A’ and C’) and at least one top
square (e.g, supported by A and C). These two squares leave no room for a central square. Hence, there is
room for at most two additional squares: one above the x axis (e.g, supported by A and C’, or C’ and B’),
and one below the x axis (e.g, supported by A’ and C, or C and B).

In all cases, P6 supports at most 4 axes-parallel squares.

Claim 3.3.8. Given a fixed coordinate system in the plane, for every k ≥ 0:

PropSame(Plane, Axes Parallel Squares, n = 5 + 9k) ≤ 1/(6 + 10k)

Proof. We prove that for every k ≥ 0, there exists an arrangement of 6 + 10k pools that supports at most
4 + 9k axes-parallel squares. The proof is by induction on k. The base k = 0 is proved by P6 from Claim
3.3.7. Assume that there exists an arrangement P6+10(k−1) which supports at most 9+ 4k squares. Construct
a new arrangement P6+10k in the following way. Take P6, replace the pool A a with shrunk copy of P6 and
the pool A’ with a shrunk copy of P6+10(k−1). The following illustration shows P16, the arrangement for
k = 1 (the shrunk copies are enlarged for the sake of clarity):

B C C’ B’

B C C’ B’

A

A’

B C C’ B’

A

A’

The number of pools in the new arrangement is 6 + 4 + 6 + 10(k− 1) = 6 + 10k. We claim that it supports
at most 4 + 9k squares:

• The shrunk copy of P6 supports at most 4 squares;

• The shrunk copy of P6+10(k−1) supports at most 4 + 9(k− 1) squares, by the induction assumption;

• The four pools B C C’ B’ in the large P6 support at most 3 large squares;

• If there is a top large square then there is at most one additional large square above the x axis, and if
there is a bottom large square then there is at most one additional large square below the x axis.

All in all, at most 4+ 4+ 9(k− 1) squares are supported by the shrunk copies and at most 3+2=5 additional
large squares are supported by the outer arrangement, so the total number of supported squares is at most
4 + 9k.

In general, every 10 additional pools support at most 9 additional squares. Hence:

PropSame(Plane, Axes Parallel Squares, n) ≤ 1
(10/9)n− 1

≈ 9
10
· 1

n

This implies that any division procedure which works in a pre-specified coordinate system cannot guaran-
tee a proportional division of the plane with square pieces.

10While there can two disjoint squares touching pools B+C, Lemma 3.3.1 implies that the pools B+C can support at most one
square. The same is true for the pools B’+C’ and C+C’.
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In our next results, we relax the axes-parallel restriction and only require that the squares be parallel to
each other. While this is still not the most general setting, it is natural e.g. in urban planning. Equivalently,
we still require that the squares be parallel to the axes, but allow the arrangement of pools to rotate.

Note that the proof of Claim 3.3.7 (Case 2) relies on the fact that any pair of a top-square and a bottom-
square leaves no room for a central square. This follows from the facts that A and A’ lie horizontally
between C and C’, and the horizontal distance between C and C’ is larger than the vertical distance between
B and B’. These facts are still true if the entire arrangement is rotated by at most 18◦ to either direction:11

(a) P6 rotated 18◦:

B

C

C’

B’

A

A’

(b) Potential squares:

B

C

C’

B’

A

A’

For every angle θ, define ParallelSquares[θ] as the family of squares rotated at exactly θ degrees (counter-
clockwise) relative to the axes. Then, the proofs of Claim 3.3.7 and 3.3.8 and the above explanation imply:

Claim 3.3.9. For every θ ∈ [−18◦,+18◦] and every k ≥ 0:

PropSame(Plane, ParallelSquares[θ], n = 5 + 9k) ≤ 1/(6 + 10k)

The arrangement P6+10k "covers" a range of rotation-angles of size 36◦. By using three copies of P6+10k
rotated in different angles, we can cover the entire range of relevant rotation angles. We use this idea to
prove an impossibility result for rotated parallel squares.

Claim 3.3.10. For every k ≥ 0:

PropSame(Plane, ParallelSquares, n = 18 + 29k) ≤ 1/(18 + 30k)

Proof. Construct an arrangement P18+30k from three copies of P6+10k:

• A leftmost copy — rotated by −27◦ and translated by (−300, 0);

• A central copy — not rotated;

• A rightmost copy — rotated by +27◦ and translated by (+300, 0).

The following illustration shows P18 (the construction for k = 0) with the three copies enlarged for the sake
of clarity:

B

C

C’

B’

A

A’

B C C’ B’

A

A’

B

C

C’

B’

A

A’

11The calculation was done using Geogebra (Hohenwarter, 2002; Hohenwarter et al., 2013). The worksheet is available here:
https://tube.geogebra.org/m/zzNY3ag4
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We claim that if P18+30k is rotated by any angle θ ∈ [−45◦, 45◦], then the rotated arrangement supports
at most 18 + 29k axes-parallel squares. Consider three cases:

(a) P18+30k is rotated by θ ∈ [−45◦,−9◦]. Then, the rightmost copy is P6+10k rotated by θ + 27◦ ∈
[−18◦, 18◦], so it supports at most 4 + 9k squares.

(b) P18+30k is rotated by θ ∈ [−18◦,+18◦]. Then the central copy supports at most 4 + 9k squares.
(c) P18+30k is rotated by θ ∈ [+9◦,+45◦]. Then the leftmost copy is P6+10k rotated by θ − 27◦ ∈

[−18◦, 18◦], so it supports at most 4 + 9k squares.
In all cases, one of the copies supports at most 4 + 9k squares. Each of the other two copies has 6 + 10k

pools, so by Lemma 3.3.1 it supports at most 5 + 10k squares. Additionally, between the three copies there
can be at most four (huge) pairwise-disjoint squares: two above and two below the x axis. All in all, the
number of supported squares is at most (4 + 9k) + (5 + 10k) + (5 + 10k) + 4 = 18 + 29k.

Therefore, for any angle θ ∈ [−45◦, 45◦], if the family S of usable pieces is the family of squares rotated
by θ, then P18+30k supports at most 18 + 29k S-pieces. But, any square is identical to a square rotated by
θ ∈ [−45◦, 45◦]. Therefore, the existence of P18+30k proves the claim.

In Claim 3.3.10, for every 30 new pools, at most 29 new squares can be supported. Therefore,

Claim 3.3.11. For every n ≥ 1:

PropSame(Plane, Parallel Squares, n) ≤ 1
(30/29)n− 1

≈ 29
30
· 1

n

3.3.4 Impossibility results with fat rectangles

Our impossibility results so far have assumed that S is the family of squares. One could think that allowing
fat rectangles, instead of just squares, can overcome these impossibility results. But this is not necessarily
true. Claim 3.3.1 holds as-is for R-fat rectangles:

Claim 3.3.12. For every finite R ≥ 1:

PropSame(Quarter plane, R f at rectangles, 2) ≤ 1/3

Proof. Let P3 be the arrangement of 3 pools from the proof of Claim 3.3.1:

x

x

x

The side-length of each pool is ε > 0. Every R-fat rectangle touching the two bottom pools must have a
height of at least (10− 2ε)/R and thus, when ε is sufficiently small, it must contain the point (5/R, 5/R)
and the point (10− 10/R, 5/R). Every R-fat rectangle touching the two left pools must contain the point
(5/R, 5/R) and the point (5/R, 10− 10/R). Every R-fat rectangle touching the top-left and the bottom-
right pools must contain (10− 10/R, 5/R) and (5/R, 10− 10/R). Hence, in every allocation of disjoint
R-fat rectangles, at most one rectangle touches two or more pools.

Claim 3.3.3 is based on Claim 3.3.1, so it holds as-is for R-fat rectangles. The same is true for the 3-walls
result. The 1-wall claims 3.3.5 and 3.3.6 can be generalized in a similar way:

We omit the details. We obtain:

Claim 3.3.13. For every R ≥ 1:
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PropSame(Square with 1 wall, R f at rectangles, n) ≤ 1
(3/2)n− 1

PropSame(Square with 2 walls, R f at rectangles, n) ≤ 1
2n− 1

PropSame(Square with 3 walls, R f at rectangles, n) ≤ 1
2n− 1

Claims 3.3.2 and 3.3.4 hold whenever R < 2, since in this case, every R-fat rectangle touching one of the
corner-pools must contain the central point of the cake in its interior, as shown below:

x x

This gives:

Claim 3.3.14. For every R such that 1 ≤ R < 2:

PropSame(Square with 4 walls, R f at rectangles, n) ≤ 1
2n

When R ≥ 2, the following slightly weaker result follows immediately from Claim 3.3.13 (since adding
walls cannot increase the proportionality):

Claim 3.3.15. For every R ≥ 2: 12

PropSame(Square with 4 walls, R f at rectangles, n) ≤ 1
2n− 1

The impossibility results for an unbounded plane are different for R-fat rectangles. Consider first Claim
3.3.7, which assumes that the pieces must be axes-parallel. When the pieces have to be squares, the set P6
supports at most 2 pieces above the x axis and 2 pieces below the x axis. But when the pieces may be R-fat
rectangles and R ≥ 2.5, it is possible to support 3 pieces above or below the x axis, e.g:

B C C’ B’

A

A’

The impossibility result can be maintained by locating the pool A at (2.5R, 0) instead of (2.5, 0), and the
pool A′ at (−2.5R, 0) instead of (−2.5, 0):

12By classic cake-cutting protocols, PropSame(Square, ∞ f at rectangles, n) = 1/n (an ∞-fat rectangle is just an arbitrary rectan-
gle). The PropSame function is thus discontinuous at R = ∞. If the agents agree to use any rectangular piece, they can receive
their proportional share of 1/n, but if they insist on using R-fat rectangles, even when R is very large, they might have to settle
for about half of this share.
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B C C’ B’

A

A’

So Claim 3.3.7, and hence Claim 3.3.8, are valid for R-fat rectangles, and we obtain:

Claim 3.3.16. Given a fixed coordinate system in the plane, for every R ≥ 1:

PropSame(Plane, Axes Parallel R f at rectangles, n) ≤ 1
(10/9)n− 1

However, the angle-range in which Claim 3.3.16 holds is no longer [−18◦, 18◦] — the range becomes
smaller as a (complicated) function of R. This means that more copies may be needed to "cover" the en-
tire range of [−45◦, 45◦]. Therefore, the upper bound for parallel squares will probably be a complicated
function of R. We leave this issue for future work.

3.4 Auctions and Covers

Our cake-cutting procedures are composed of two types of auctions. In a mark auction, each agent bids
by marking a piece of the cake; the winner is the agent marking the smallest piece. In an eval auction,
each agent bids by declaring a value for a pre-specified piece of cake; the winners are the agents declaring
the highest value. As usual in the cake-cutting literature, no monetary transfers are involved; the agents
effectively ’pay’ with their entitlements for a share of the cake. Below we explain each auction type in
detail.

3.4.1 Mark auction

In a mark auction, the divider specifies a geometric constraint and a value v. Each agent has to mark a piece
of the cake which satisfies the geometric constraint and is worth for him exactly v. The geometric constraint
guarantees that the marked pieces are totally ordered by containment (i.e. for every two agents i, j, the bid
of i either contains or is contained in the bid of j). Hence, there is a smallest bid — a bid contained in all
other bids. There can be more than one smallest bid; in this case, one smallest bid is selected arbitrarily. The
agent making the selected smallest bid is the winner; he is allocated his bid and goes home. The remaining
cake is divided among the remaining n− 1 agents.

Example 3.4.1. Dividing a rectangle to rectangles. The cake C is a rectangle and S is the family of rectan-
gles. We normalize the valuations of all agents such that the value of the entire cake is n. We show how a
sequence of mark auctions can be used to give each agent a rectangle with a value of at least 1.

The proof is by induction on the number of agents n. When n = 1, C can just be given to the single
agent. Suppose we already know how to divide a rectangle to n− 1 agents who value it as n− 1. Now we
are given n agents who value the cake as n. We do a mark auction with the following geometric constraint:
mark a rectangle whose rightmost edge coincides with the rightmost edge of C. The auction value is v = 1.
The continuity of the valuations guarantees that all agents can indeed bid as required, and the geometric
constraint guarantees that the bids are totally ordered by containment. An example is illustrated below,
where there are four bids marked by dotted lines:
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the winning bid — the smallest rectangle — is marked by a thick dotted line. The winner is given his bid,
so he now has a rectangle with a value of exactly 1, as required (recall that our guarantees are valid for
every agent bidding truthfully, regardless of what the other agents do). Since the n− 1 losing bids contain
the winning bid, the n− 1 losers value the winning bid as at most 1. By additivity, they value the remaining
cake as at least n− 1. Hence, by the induction assumption we can divide the remaining cake among them
in a similar way, finally giving each agent a rectangle with a value of at least 1.13

A mark auction has the following interpretation. Initially, each agent holds an entitlement for a piece of
cake. An agent bidding a piece Xi is interpreted as saying "I am willing to give my entitlement in exchange
for piece Xi". The agent marking the smallest piece is effectively offering the highest "price" per unit area;
hence this agent is the winner. He pays for the win by giving up his entitlement and leaving the remaining
cake to the remaining agents.

3.4.2 Eval auction

In an eval auction, the divider specifies a piece of cake C′ ⊂ C. Each agent i has to declare the value Vi(C′).
The agents are ordered in a descending order of their bids, such that V1(C′) ≥ V2(C′) ≥ · · · ≥ Vn(C′). The
procedure calculates the number of winners n′ (we explain shortly how this number is calculated). The n′

highest bidders, 1, . . . , n′, are the winners. The remaining n− n′ agents are the losers. The procedure then
divides C′ among the winners and C \ C′ among the losers.

To calculate the number of winners n′, we should already have a plan for dividing C′ among each
possible number of winners n′ ≤ n. Specifically, we should have a procedure for dividing C′ among n′

agents, each of whom values C′ as at least F(n′) (where F is some increasing function), such that each agent
is guaranteed a piece with a value of at least 1. Assuming that we have such a procedure, the number of
winners is defined as the largest integer n′ such that:

Vn′(C′) ≥ F(n′)

or 0 if already V1(C′) < F(1). Since Vn′(C′) is a decreasing sequence, the definition implies that:

• For every winner i ∈ {1, . . . , n′}: Vi(C′) ≥ F(n′)

• For every loser i ∈ {n′ + 1, . . . , n}: Vi(C′) < F(n′ + 1)

(this is true even when n′ = 0). Hence, the set of winners is a largest set of agents for whom we can divide
C′ in a way which guarantees each of them a value of at least 1.

Example 3.4.2. Dividing an archipelago to rectangles. The cake C is an "archipelago" — a union of m
disjoint rectangular "islands". S is the family of rectangles. We normalize the valuations of all agents such
that the value of the entire archipelago is n + m− 1. We show how a sequence of eval auctions can be used
to give each agent a rectangle, contained in one of the islands, with a value of at least 1.

The proof is by induction on the number of islands m. When m = 1, C is a single rectangle and all
agents value it as at least n, so the procedure of Example 3.4.1 can be used to give each agent a rectangle
with a value of at least 1. Suppose we already know how to divide an archipelago of m− 1 islands. Given
an archipelago of m islands, pick one island arbitrarily and call it C′. Do an eval auction on C′. Order the
bids in descending order, and let n′ be the largest index such that:

Vn′(C′) ≥ n′

or 0 if already V1(C′) < 1. If n′ = 0 then just discard C′; otherwise use the procedure of Example 3.4.1 to
divide C′ among the n′ winners. By definition, each winner values C′ as at least n′ so he is guaranteed a
rectangular piece of C′ with a value of at least 1.

All n − n′ losers value C′ as less than n′ + 1, so they value the remaining archipelago C \ C′ as more
than (n + m− 1)− (n′ + 1) = (n − n′) + (m− 1)− 1. This is an archipelago of m − 1 islands, so by the
induction assumption we can divide it among the remaining n− n′ agents giving each agent a rectangle
with a value of at least 1. Note that this is true even when n′ = 0.14

13Example 3.4.1 shows that Prop(Rectangle, Rectangles, n) = 1/n. This result is not new since it follows immediately from
known results on 1-dimensional cake-cutting. It is presented here to show that it fits well into the auction framework.

14Example 3.4.2 shows that Prop(m disjoint rectangles, Rectangles, n) ≥ 1/(n + m− 1). It is easy to construct an arrangement
of pools, analogous to the ones in Section 3.3, proving that this is the best proportionality that can be guaranteed.
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3.1× 1 rectangle:
CoverNum(C,squares)=4

L-shape:
CoverNum(C,squares)=3

L-shape:
CoverNum(C,rectangles)=2

T-shape:
CoverNum(C,squares)=3

Figure 3.6: Cover numbers of various polygons.

An eval auction has the following interpretation. Initially, each agent has an entitlement to share the
entire cake C with n agents (including the agent himself). An agent bidding a value V is interpreted as
saying "I am willing to give my entitlement in exchange for an entitlement to share C′ with at most n′

agents, where n’ is the largest integer such that V ≥ F(n′)." The agents with the highest bids are actually
offering a higher "price" for C′, since they are willing to share C′ with a larger number of other agents.
Hence, the highest bidders are the winners. They pay for their win by giving up their entitlement to C \ C′

and leaving it to the remaining agents.

3.4.3 Cover numbers

The last ingredient we need for our division procedures, in addition to the two auction types, is the cover
number. It is a well-known concept in computational geometry (see Keil (2000) for a survey).

Definition 3.4.3. Let C be a cake and S a family of pieces.
(a) An S-cover of C is a set of S-pieces, possibly overlapping, whose union equals C.
(b) The S-cover number of C, CoverNum(C, S), is the minimum cardinality of an S-cover of C.

Some examples are depicted in Figure 3.6.
The cover number is related to the utility that a single agent can derive from a given cake:

Lemma 3.4.4. (Covering Lemma) For every cake C and family S:

Prop(C, S, n = 1) ≥ 1
CoverNum(C, S)

Proof. Let k = CoverNum(C, S) and let {C1, ..., Ck} be an S-cover of C. By definition ∪k
j=1Cj = C. By

additivity, if an agent’s valuation function is V, then:

k

∑
j=1

V(Cj) ≥ V(C)

so the average value of the left-hand side is at least V(C)/k. By the properties of the average, at least one
summand must be weakly larger than the average value, i.e, there exists j for which V(Cj) ≥ V(C)/k. This
Cj, which is an S-piece, gives the single agent a utility of at least 1/k of the total cake value.

The next example combines an eval auction, a mark auction and the Covering Lemma.

Example 3.4.5. Dividing a square between two agents who want square pieces. The cake C is a square, S
is the family of squares and there are n = 2 agents. Example 3.1.1 shows that the maximum utility that can
be guaranteed to both agents is 1/4 of the total value. We now present a division procedure that guarantees
this utility. We normalize the valuations of both agents such that their value of C is 4 and give each agent
a square with a value of at least 1.

Partition the cake to a 2× 2 grid. Denote one of the four quarters as C′, e.g.:

C′
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Do an eval auction on C′. Let n′ be the number of agents whose bid is at least 1.
Case #1: n′ = 0 (both agents value C′ as less than 1). Denote another quarter as C′ and do an eval

auction again. Because the total cake value is 4, this can happen at most three times; eventually one of the
other cases must happen.

Case #2: n′ = 1. The single agent who values C′ as at least 1 wins C′ and goes home. The losing agent
values C′ as less then 1 so he values C \C′ as more than 3. C \C′ is a union of 3 squares, so by the Covering
Lemma the losing agent can get from it a square with a value of at least 1.

Case #3: n′ = 2. Do a mark auction with the following constraint: mark a square with a value of 1 contained
in C′ and adjacent to a corner of C. Both agents can bid as required, since they value C′ as at least 1 so they
have a square with a value of exactly 1 inside C′. An example is illustrated below, where the two bids are
marked by dotted lines:

The winning bid (the smallest square) is marked with thicker dots. It is given to the winner, who walks
home with a square worth 1. The remaining cake is an L-shape similar to the one in Figure 3.6. Its cover
number is 3 and its value for the loser is at least 3. By the Covering Lemma, it contains a square whose
value to the loser is at least 1.15 The final allocation may look like:

The fairness of this allocation is evident: both agents agree that the south-west is the most valuable district,
so the agent who has to go to a less valuable district is compensated by a larger plot.

Note that some land remains unallocated. This is unavoidable if the pieces have to be square. Moreover,
in realistic land-division scenarios it is common to leave some land unallocated and available for public
use.

3.5 Division procedures

In this section we use the building-blocks developed in Section 3.4 to create various division procedures.

3.5.1 Four and three walls, guillotine cuts

We develop simultaneously a pair of division procedures. Both procedures accept a cake C which is as-
sumed to be the rectangle [0, L]× [0, 1], and return n disjoint square pieces {Xi}n

i=1 such that for every agent
i: Vi(Xi) ≥ 1.

The two procedures differ in their requirement on L (the length/width ratio of the cake) and in the
number of “walls” (bounded sides) they assume on the cake:

• The 3-walls procedure requires that L ∈ [0, 1] and it guarantees that the allocated squares are contained
in [0, ∞]× [0, 1] (in other words, there is no wall in the rightmost edge of the cake).

• The 4-walls procedure requires that L ∈ [1, 2] (i.e, the cake is a 2-fat rectangle) and it guarantees that all
allocated squares are contained in C.

Additionally, the two procedures differ in their requirement on the total cake value:

• The 3-walls procedure requires that for every agent i: Vi(C) ≥ max(1, 4n− 5).

• The 4-walls procedure requires that for every agent i: Vi(C) ≥ max(2, 4n− 4).

15Combining the lower bound proved by Example 3.4.5 with the upper bound proved by Claim 3.3.2 gives a tight result for two
agents: Prop(Square, Squares, n = 2) = 1/4.
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The procedures are developed by induction on the number of agents. We first consider the base case in
which there is a single agent (n = 1).

In the 3-walls procedure, the single agent values C as at least 1. The square [0, 1]× [0, 1] contains all the
value of C and it is contained within its three walls, so it can be given to the single agent:

0 L

In the 4-walls procedure, the single agent values C as at least 2. The requirement on L guarantees that
the cake can be covered by at most 2 squares:

0 L

Hence, by the Covering Lemma, the single agent can be given a square with a value of at least 1.
We now assume that we can handle any number of agents less than n. Given n agents (n ≥ 2), we

proceed as follows.

3 Walls procedure

At this point, there are n ≥ 2 agents who value the cake as at least 4n− 5.
(1) Mark auction. Ask each agent to mark a rectangle with a value of exactly 1 adjacent to the rightmost

edge of the cake (the edge without the wall):

x∗0 L

The winning bid (marked by thicker dots above) is a rectangle [x∗, L]× [0, 1]. There are two cases:

• Easy case: x∗ ≥ 1/2. Make a vertical guillotine cut at x∗. Give to the winner the square [x∗, x∗ + 1]×
[0, 1]. This square contains the winning bid, so its value for the winner is at least 1. The remaining
cake is a 2-fat rectangle and its value for the remaining n− 1 agents is at least V(C)− 1 ≥ 4n− 6 ≥
max(2, 4(n− 1)− 4). Use the 4 walls procedure to divide the remainder among the losers.

• Hard case: x∗ < 1/2. Now we cannot let the winner have the winning bid, since the remainder will
be too thin for the remaining agents. Our solution relies on the following observation: the fact that
x∗ < 1/2 means that all agents value the rectangle [1/2, L]× [0, 1] as less than 1. Therefore, they value
the rectangle [0, 1/2]× [0, 1] as at least 4n− 6. Since all agents believe that this "far left" rectangle is
so valuable, we are going to do an eval auction inside it.

(2) Eval auction. Let C′ = [0, 1/2]× [1/2, 1] and C′′ = [0, 1/2]× [0, 1/2]:
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0 L1/2

C′

C′′

Do an eval auction on C′. Order the agents in a descending order of their bid, V1(C′) ≥ · · · ≥ Vn(C′), and
let n′ be the largest integer with:

Vn′(C′) ≥ max(4n′ − 5, 1)

If n′ = n then all agents value C′ as the entire cake, so the other parts of the cake can be discarded and the
division procedure can start again with C′ as the cake. Hence, we assume that n′ < n. There are two main
cases to consider:

• Easy case: 1 ≤ n′ ≤ n − 2. Make a horizontal guillotine cut between C′ and C′′. Use the 3-walls
procedure to divide C′ among the n′ winners.

The losers value C′ as less than max(4(n′ + 1) − 5, 1) = 4n′ − 1. At this point all agents value the
rectangle C′ ∪ C′′ as at least 4n − 6; hence, all losers value C′′ as at least (4n − 6) − (4n′ − 1) =
4(n− n′)− 5. Since n− n′ ≥ 2, this value is also larger than 1, so we can use the 3-walls procedure to
divide C′′ among the n− n′ losers.

Note that no square is allocated to the right of the line x = 1/2, so we can assume that the rightmost
border of both C′ and C′′ is open and use the 3-walls procedure to divide them.

• Hard case: n′ = 0. This means that all agents value C′ as less than 1, so they value C′′ as at least 4n− 7.
Now we have a problem: we cannot give C′ even to a single agent since it is not sufficiently valuable,
but we also cannot divide C′′ among all n agents since it too is not sufficiently valuable.

Our solution is to shrink C′′ towards the corner, until one of the agents decides that it is better to take
a piece outside C′′ and leave C′′ to the remaining n− 1 agents. This solution is implemented using a
mark auction, which is described in detail in step (3) below. But before proceeding there is one more
case that must be handled:

• Mixed case: n′ = n− 1. This is handled according to the bid of the single losing agent (agent n): if
Vn(C′) < 4n− 7, then the losing agent values C′′ as at least 1, so we can proceed as in the Easy case
(the winning agents receive C′ and the losing agent receives C′′). Otherwise, Vn(C′) ≥ 4n− 7, so all
agents value C′ as at least 4n− 7 (because the agents are ordered in descending order of their bid).
Switch the roles of C′ and C′′ (e.g. by reflecting the cake about the line y = 1/2), and proceed as in
the hard case to the next auction.

(3) Mark auction. Ask each agent to mark an L-shape with a value of exactly 2, the complement of
which is a square inside C′′ with a value of 4n− 7 cornered at the corner of C, like this:

0 L

X

Let X be the winning bid. X can be covered by two overlapping pieces: a square near the top-left corner of
C (denoted by Y below) and a square overlapping the right edge of C (denoted by Z below):
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0 L

Y

Z

Y

C \ X

At least one of these squares must have a value of at least 1 to the winner. If Y has value 1 then give Y
to the winner and leave Z unallocated; otherwise, give Z to the winner, leave Y unallocated and rotate C
clockwise 90◦. In both cases, C \ X can be separated from the piece given to the winner using a horizontal
guillotine cut. Moreover, in both cases the cake to the right of C \ X is unallocated. The remaining n− 1
agents value C \ X as at least (4n − 5) − 2, which is more than max(1, 4(n − 1) − 5). Use the 3 walls
procedure to divide C \ X among them.

4 Walls procedure

At this point, there are n ≥ 2 agents who value the cake as at least 4n− 4.
The 4-walls procedure is similar to the 3-walls procedure except that it has one additional eval auction

at the beginning. If this auction succeeds, then it effectively cuts the cake to two halves each of which is
a 2-fat rectangle, so each half can be divided recursively using the 4-walls procedure. If this auction fails
(as will be explained below), then the situation is similar to the 3-walls procedure and we can use a similar
sequence of three auctions.

(0) Eval auction. Let C′ = [L/2, 1]× [0, 1] = the rightmost half of C. Note that both C′ and its comple-
ment are 2-fat rectangles:

0 LL/2

C \ C′ C′

Do an eval auction on C′. Order the agents in a descending order of their bid, V1(C′) ≥ · · · ≥ Vn(C′), and
let n′ be the largest integer with:

Vn′(C′) ≥ max(4n′ − 4, 2)

If n′ = n then for all agents Vi(C′) = Vi(C), so C \ C′ can be ignored and the procedure can be restarted
with C′ as the entire cake. Hence, there are two non-trivial cases to consider:

• Easy case: 1 ≤ n′ ≤ n − 2. Make a vertical guillotine cut between C′ and C \ C′. Use the 4-walls
procedure to divide C′ among the n′ winners. This is possible since C′ is a 2-fat rectangle and all
winners value it as at least max(4n′ − 4, 2).

The losers value C′ as less than max(4(n′ + 1)− 4, 2) = 4n′, so they value the remaining half C \ C′

as more than (4n− 4)− 4n′ = 4(n− n′)− 4. Since n− n′ ≥ 2, this value is also larger than 2. Use
the 4-walls procedure to divide C \ C′ among the n− n′ losers; this is possible since C \ C′ is a 2-fat
rectangle and all losers value it as at least max(4(n− n′)− 4, 2).

• Hard case: n′ = 0. This means that all agents value C′ as less than 2 so they value the remainder C \C′

as at least 4n − 6. We are going to enlarge C′ leftwards, until it becomes sufficiently valuable such
that some agent is willing to accept it. We implement this solution using a mark auction, described in
step (1) below. But beforehand, one more case must be handled:

• Mixed case: n′ = n− 1. This case is handled according to the bid of the losing agent: if Vn(C′) < 4n− 6,
then the losing agent values C \ C′ as at least 2, so we can proceed as in the Easy case (the winning
agents receive C′ and the losing agent receives C \ C′). Otherwise, Vn(C′) ≥ 4n − 6, so all agents
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value C′ as at least 4n− 6. Switch the roles of C′ and C \ C′ (e.g. by reflecting the cake C about the
line x = L/2), and proceed as in the hard case to the next auction.

(1) Mark auction. Ask each agent to mark a rectangle with a value of exactly 2 adjacent to the rightmost
edge of C:

x∗0 L

The smallest rectangle wins. Let x∗ be the x coordinate of its leftmost edge, so the winning bid is [x∗, L]×
[0, 1]. Since all agents value C′ as less than 2, all bids must contain C′, so x∗ ≤ L/2. There are two cases:

• Easy case: x∗ ≥ 1/2. Make a vertical guillotine cut at x∗. Both the winning bid and its complement
are 2-fat rectangles. By the Covering Lemma, the winner can be allocated from its bid a square with a
value of at least 1. The n− 1 losers value the remaining cake, [0, x∗]× [0, 1], as at least 4n− 6, which
is at least max(2, 4(n − 1) − 4). Hence, the 4-walls procedure can be used to divide the remainder
among the losers.

• Hard case: x∗ < 1/2. Now we cannot let the winner have the winning bid, since the remainder will
be too thin for the remaining agents. But we know that all agents value the rectangle [1/2, L]× [0, 1]
as less than 2 so they value the rectangle [0, 1/2]× [0, 1] as at least 4n− 6. Since all agents believe that
this rectangle is so valuable, we are going to do an eval auction inside it.

(2) Eval auction. Let C′ = [0, 1/2]× [1/2, 1] and C′′ = [0, 1/2]× [0, 1/2]:

0 L1/2

C′

C′′

Do an eval auction on C′ and let n′ be the largest integer with:

Vn′(C′) ≥ max(4n′ − 5, 1)

As in step (0), the case n′ = n is trivial and can be ignored. There are two non-trivial cases:

• Easy case: 1 ≤ n′ ≤ n − 2. Make a horizontal guillotine cut between C′ and C′′. Use the 3-walls
procedure to divide C′ among the n′ winners. The 3-walls procedure might allocate pieces that flow
over the right boundary of C′ (the line x = 1/2). This does not cause any problem because the
side-length of these rectangles is at most 1/2, so they are still contained in the original cake C.

The losers value C′ as less than max(4(n′ + 1)− 5, 1) = 4n′ − 1. At this point of the procedure, all
agents value the rectangle C′ ∪ C′′ as at least 4n− 6; hence, all losers value C′′ as at least (4n− 6)−
(4n′ − 1) = 4(n− n′)− 5. Since n− n′ ≥ 2, this value is also larger than 1, so we can use the 3-walls
procedure to divide C′′ among the n− n′ losers.

• Hard case: n′ = 0. This means that all agents value C′ as less than 1 and value C′′ as at least 4n− 7. We
are going to "shrink" C′′ using a mark-auction in step (3). But beforehand we handle the remaining
case:

• Mixed case: n′ = n− 1. Proceed according to the bid of the losing agent: if Vn(C′) < 4n− 7, then the
losing agent values C′′ as at least 1, so we can proceed as in the Easy case (the winning agents receive
C′ and the losing agent receives C′′). Otherwise, Vn(C′) ≥ 4n− 7, so all agents value C′ as at least
4n− 7. Switch the roles of C′ and C′′, and proceed as in the hard case to the next auction.
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(3) Mark auction. Ask each agent to mark an L-shape with a value of 3, whose complement is a square
inside C′′ cornered at the corner of C, like this:

0 L

X

Since all agents value C′′ as at least 4n− 7 = (4n− 4)− 3 they can indeed bid as required. Let X be the
winning bid. X is an L-shape that can be covered by two overlapping pieces: a square near the top-left
corner of C (denoted by Y below) and a rectangle near the right edge of C (denoted by Z below):

0 L

Y
Z

Y

C \ X

Since the winner values X as 3, at least one of the following must hold:

• The winner values Y as at least 1; if this is the case then the winner receives Y, and Z remains unallo-
cated.

• The winner values Z as at least 2; if this is the case then the winner selects a square from Z with a
value of at least 1 (this is possible by the Covering Lemma since Z is a 2-fat rectangle), and Y remains
unallocated. If this is the case, then rotate C clockwise 90◦.

In both cases, C \ X can be separated from the piece given to the winner using a horizontal guillotine cut.
In both cases, the cake to the right of C \ X is unallocated. The n− 1 losers value X as at most 3 so they
value C \ X as at least (4n− 4)− 3, which is at least max(1, 4(n− 1)− 5). Therefore, the 3 walls procedure
can be used to divide C \ X among them.

The above pair of procedures prove the following pair of positive results ∀n ≥ 2:

Prop(2 f at rectangle with all sides bounded, Squares, n) ≥ 1
4n− 4

Prop(Rectangle with a long side unbounded, Squares, n) ≥ 1
4n− 5

Since a square is a 2-fat rectangle:

Prop(Square with 4 walls, Squares, n) ≥ 1
4n− 4

Prop(Square with 3 walls, Squares, n) ≥ 1
4n− 5

Fat rectangle pieces

When the pieces are allowed to be R-fat rectangles, the above lower bounds are of course still true, since
a square is an R-fat rectangle. But when R ≥ 2, the 4-walls division procedure can give slightly stronger
guarantees — the required value is max(1, 4n− 5) instead of max(2, 4n− 4) (this is analogous to the fact
that in Subsection 3.3.4, when the pieces are allowed to be R-fat rectangles with R ≥ 2, our upper bound
for a cake with 4 walls is slightly weaker — the denominator is 2n− 1 instead of 2n). The required modifi-
cations are briefly explained below:

• In the base case (n = 1), since the cake is 2-fat, the single agent can have it all, so it is sufficient that
its value be 1.
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Figure 3.7: A staircase with T = 3 teeth marked by discs (Left). It has T + 1 = 4 corners and can be covered
by 4 squares (Right).

• In step (0), after the Eval auction, n′ is the largest integer with Vn′(C′) ≥ max(4n′ − 5, 1). In the easy
case, the n′ winners value their share C′ as at least max(4n′ − 5, 1) and the n− n′ losers value their
share C \C′ as at least max(4(n− n′)− 5, 1), so each part can be divided recursively using the 4-walls
procedure. In the hard case, all agents value C′ as less than 1 so they value the remainder C \ C′ as at
least 4n− 6; proceed to the next step.

• In step (1), the Mark auction asks each agent to mark a rectangle with a value of exactly 1 adjacent
to the rightmost edge of C. In the easy case, both the winning bid and its complement are 2-fat
rectangles. The winning bid can be given entirely to the winner; the n− 1 losers value the remaining
cake as at least 4n− 6, which is at least max(1, 4(n− 1)− 5), so the 4-walls procedure can be used to
divide the remainder among them. In the hard case, all agents value the rectangle [1/2, L]× [0, 1] as
less than 1 so they value the rectangle [0, 1/2]× [0, 1] as at least 4n− 6; proceed to the next step.

• In step (2), the Eval auction proceeds exactly as in the case of square pieces. The values are sufficient
for using the 3-walls procedure.

• In step (3), the Mark auction asks each agent to mark an L-shape with a value of exactly 2. Let X be
the winning bid. Since the winner values X as 2, he values either its topmost part or its rightmost
part as at least 1; both these parts are 2-fat rectangles so the winner can pick one of them and get a fair
share. In both cases, C \ X (which is a square) can be separated from the piece given to the winner
using a horizontal guillotine cut. In both cases, the n− 1 losers value X as at most 2 so they value
C \ X as at least (4n− 5)− 2, which is at least max(1, 4(n− 1)− 5). Therefore, the 3 walls procedure
can be used to divide C \ X among them.

• The 3-walls procedure remains unchanged.

So for every n ≥ 2 and R ≥ 2:

Prop(2 f at rectangle with all sides bounded, R f at rectangles, n) ≥ 1
4n− 5

3.5.2 Two walls

We present a division procedure for dividing the top-right quarter-plane, i.e, the cake is a square with two
walls and two unbounded sides. We would like to do a mark auction in which each agent is asked to mark
a square adjacent to the bottom-left corner. Then, the smallest square should be allocated to its bidder and
the remaining cake should be divided among the remaining agents. However, when we try to do this we
run into trouble, as the remaining cake is no longer a quarter-plane.

As it often happens, the solution is to generalize the problem. Instead of dividing a quarter-plane, we
divide a rectilinear polygonal domain unbounded in two directions, which for brevity we call “staircase” because
of its shape (see Figure 3.7).

Each staircase has vertexes with inner angle 90◦ and vertexes with inner angle 270◦; we call the former
corners and the latter teeth.16 A staircase with T teeth has T + 1 corners. A quarter-plane is a staircase with
T = 0 teeth.

16Other common names are convex vertexes vs. concave/reflex vertexes, or inner corners vs. outer corners.
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Figure 3.8: The square at corner 4 is entirely contained in the corner (left). After it is allocated, the remain-
ing cake is a staircase with 4 teeth and 5 corners (right).

By putting the arrangement of Claim 3.3.3 in one of the corners and adding a pool in each of the other
T corners, the following upper bound is obtained:

Prop(T staircase, Squares, n) ≤ 1
2n− 1 + T

We normalize the valuations of all agents such that the value of the entire cake is 2n − 1 + T. We use a
sequence of mark auctions to give each agent a square with a value of at least 1.

We proceed by induction on the number of agents n. When n = 1, the cake value for the single agent
is at least T + 1. The cake can be covered by T + 1 sufficiently large squares — one square per corner (see
Figure 3.7/Right). By the Covering Lemma, the agent can get a square with a value of at least 1.

Suppose we already know how to divide a T-staircase to n− 1 agents, for every integer T ≥ 0. Now
there are n agents. Start by doing T + 1 mark auctions: for each corner j ∈ {1, . . . , T + 1}, ask each agent
to mark a square with a value of exactly 1 adjacent to corner j. If the total value of the agent in corner j is
less than 1, then the agent is allowed to not participate in that auction, or equivalently mark a square with
an infinite side-length. By the Covering Lemma, each agent can mark at least one finite square.

In each corner, the "corner-winning-bid" is the smallest square (contained in all other bids in that cor-
ner). We now have T + 1 corner-winners, and we have to select a single global-winner. There are two
cases.

Easy case: there is a j ∈ {1, . . . , T + 1} such that the corner-j winning-bid is smaller than the two edges of
C adjacent to corner j. An example is the square in corner 4 in Figure 3.8. Select one such square arbitrarily
as the global "winning bid". Give the winning bid to its bidder. The remaining cake is a staircase with
T + 1 teeth (see Figure 3.8). The n− 1 losing agents value the allocated square as at most 1, so they value
the remaining staircase as at least (2n− 1 + T)− 1 = 2(n− 1)− 1 + (T + 1). Hence, by induction we can
divide the remainder among the losers.

Hard case: all corner-winning-bids are larger than the edges adjacent to their corners, as in Figure 3.9.
Now, when a square is allocated, the remainder is no longer a staircase. In order to restore the staircase
shape, we have to remove an additional part of C. We do this by cutting, from the top-right corner of the
allocated square, a straight line downwards to the bottom boundary of C, and a straight line leftwards
to the leftmost boundary of C. The parts of C that are removed besides the allocated square are called
the shadows of the square. An example is illustrated in Figure 3.9, where the square at corner 2 has two
shadows denoted by dotted lines.

We now need the following geometric lemma, which is formally stated and proved in Appendix 3.A:

Lemma 3.5.1. (Staircase Lemma) Given a staircase in which a square is located in each corner, there exists a square
whose shadows are contained in the union of the other squares.

Based on the Staircase Lemma, we proceed as follows. From the T + 1 corner-winning-bids, select one
square whose shadows are contained in the other squares (e.g. the square in corner 2 in Figure 3.9). Declare
this square as the global winning square, give it to its bidder, and remove its shadows from C.

We have to prove that the remaining cake is sufficiently valuable for each losing agent. The number
of agents changes by ∆n = −1 since the winning agent leaves. The cake value for a losing agent changes
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(x∗ , y∗)
1’

2’ (x∗ + l∗ , y∗ + l∗)

4

Figure 3.9: The square at corner 2 (second from the bottom-right) satisfies the Staircase Lemma, since its
"shadows" (dotted) are contained in the other squares. After it is allocated, the remaining cake is a staircase
with 2 teeth and 3 corners (right).

by ∆V (a negative quantity). The number of teeth changes by ∆T which may be positive or negative.
Looking at the value requirement V ≥ 2n + T − 1, we see that in order to use the induction assumption, it
is sufficient to prove that for every loser:

∆V ≥ 2∆n + ∆T = ∆T − 2

I.e, the value of the remaining agents should drop by at most two units, plus one unit for each removed
tooth.

The shadows of the winning square can be partitioned to m disjoint rectangular components, to its top-
left and to its bottom-right, such that each component is located in a different corner (e.g. in Figure 3.9,
m = 2). After the shadows are removed, m teeth disappear. One tooth is added at the top-right of the
winning square. Hence, ∆T = 1−m.

The winning square is worth at most 1 for the remaining agents, since it is contained in all other squares
in its corner. By the selection of the global-winning-bid, each of the m shadows is contained in a corner-
winning-bid, so its value for the losing agents is at most 1. Hence, the total value of the removed region
to the n − 1 losers is at most m + 1, so ∆V ≥ −1− m = ∆T − 2, as required. Hence, by the induction
assumption we can proceed and divide the remainder among the losers. 17

The above procedure proves that, for every n ≥ 1, T ≥ 0:

Prop(T staircase, Squares, n) =
1

2n− 1 + T

By letting T = 0 we get:

Prop(Quarter plane, Squares, n) =
1

2n− 1

3.5.3 One and zero walls

A half-plane can be divided by partitioning it to two quarter-planes:

Claim 3.5.1. For every n ≥ 2:

Prop(Hal f plane, Squares, n) ≥ 1
2n− 2

Proof. Assume the cake is the half-plane y ≥ 0 and there are n agents who value it as 2n − 2. Do the
following mark auction: ask each agent to mark a quarter-plane open to the top-left, whose bottom edge
is adjacent to the bottom edge of C and its value is exactly 1. An example is illustrated below, where the
winning bid is — as usual — marked by thicker dots:

17The easy case is, in fact, contained in the hard case, since a square smaller than the edges adjacent to its corner has an empty
shadow (so m = 0). The split to easy and hard cases is done for presentation purposes only.
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After the winning bid is allocated to its winner, the n − 1 losers value the remaining quarter-plane as at
least (2n− 2)− 1 = 2(n− 1)− 1; divide it among them using the procedure of Subsection 3.5.2.

An unbounded plane can be divided by partitioning it to two half-planes:

Claim 3.5.2. For every n ≥ 4:

Prop(Plane, Squares, n) ≥ 1
2n− 4

Proof. Normalize the cake value to 2n− 4. Do the following mark auction: ask each agent to mark a half-
plane bounded at its bottom, with a value of exactly 2 (so each agent i marks a half-plane Yi = [−∞, ∞]×
[yi, ∞]). Order the bids by containment, so that Y1 ⊆ Y2 ⊆ · · · ⊆ Yn. Select two winners — the agents
with the two smallest bids (Y1 and Y2). Both winners value Y2 as at least 2; divide it among them using
cut-and-choose. Each of them receives a quarter-plane with a value of at least 1. The n− 2 losers value the
remaining half-plane as at least (2n− 4)− 2 = 2(n− 2)− 2; divide it among them using the procedure of
Claim 3.5.1.

The lower bounds for one and zero walls do not match the upper bounds proved in Section 3.3: the
proportionality coefficient (the coefficient of n in the denominator) is 2 in both cases, while the coefficients
in the upper bounds are 3/2 for a half-plane and almost 1 for an unbounded plane. We believe that the
procedures presented above are tight and the "real" coefficient is 2. The reason is that, whenever a plane is
cut by even a single straight line, the remainder is a half-plane, and when a half-plane is cut, the remainder
is a quarter-plane, and for a quarter-plane we know that the proportionality coefficient is 2. In future work
we plan to look for tighter impossibility results showing that the proportionality coefficient is indeed 2 in
half-planes and unbounded planes, too.

3.5.4 Three walls

Our next goal is to divide a square bounded by three walls. We already presented a procedure for a
square with three walls in Subsection 3.5.1, but the value guarantee of the present procedure is better and
it matches the upper bound of 1/(2n− 1). On the other hand, the present procedure uses general (non-
guillotine) cuts.

Similarly to the two-walls case, we have to generalize the problem and divide a rectilinear polygonal
domain unbounded in one direction, which for brevity we call a “valley”. Again the number of teeth is denoted
by T; see Figure 3.10.

We require the valley to have the Sunlight property, which means that light coming from the top can
reach all parts of the bottom border. In other words: no part of the valley lies below a wall; the bottom
border of a valley goes from the left wall (at x = 0) to the right wall (at x = 1) in stairs climbing to the
top-right or bottom-right, but never back to the left. Hence a valley can be represented as a sequence of
T + 1 levels {[xmin, xmax

i ]× yi}T+1
i=1 , where (see Figure 3.10):

0 = xmin
1 < xmax

1 = xmin
2 < xmax

2 · · · < xmax
T = xmin

T+1 < xmax
T+1 = 1

Our valley-division procedure is essentially similar to the staircase-division procedure: a mark-auction is
performed in each "corner" of the valley; the smallest bid in each corner is the corner-winning-bid; and a
global winning-bid is selected such that its "shadows" are contained in all other bids. We have to carefully
define the "corners" and the "shadows", and this requires several definitions.

The structure of a valley

For every level i ∈ {1, . . . , T + 1}, when we look from (xmin
i , yi) leftwards, we see a wall. Let xleft

i be the x
coordinate of that wall and yleft

i be the y coordinate of the level at the top of the wall (yleft
i > yi). If (xmin

i , yi)
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Figure 3.10: A valley with T = 3 teeth marked by discs (Left). It has T + 1 = 4 levels and can be covered
by 4 squares (Right). The levels coordinates are: [0, .1]× .8, [.1, .5]× .9, [.5, .7]× .6, [.7, 1.0]× .4. The levels
are covered from bottom to top: 4, then 3, then 1, then 2. In each level, the bottom rectangle, which is not
overlapped by higher squares, is the covering rectangle of that level.

is a bottom-left corner (such as in levels 1 and 3 and 4 in Figure 3.10), then xleft
i = xmin

i and yleft
i = yi−1 (if

xleft
i = 0, i.e. we hit the left boundary, then we define yleft

i = 1). Otherwise (as in level 2), xleft
i < xmin

i .
Similarly, define xright

i as the x coordinate of the wall we see at the right and yright
i as the y coordinate of

the level at the top of the wall (yright
i > yi). If (xmax

i , yi) is a bottom-right corner (such as in levels 1 and 4 in
the figure), then xright

i = xmax
i and yright

i = yi+1 (if xright
i = 1, i.e. we hit the right boundary, then we define

yright
i = 1). Otherwise (as in levels 2 and 3), xright

i > xmax
i .

The horizontal distance between the two walls surrounding a level is denoted:

dxi := xright
i − xleft

i

In the figure, the values of dxi for the 4 levels are: 0.1, 1.0, 0.5, 0.3. The vertical depth of a level is denoted
by:

dyi := min(yright
i , yleft

i )− yi

It is the height to which one has to climb in order to move to another level, or to exit the unit square. In the
figure, the values of dyi for the 4 levels (from left to right) are: 0.1, 0.1, 0.3, 0.2.

Initially we handle the case of a single agent. This requires a bound on the square-cover-number of the
valley, as a function of T. In general, the square-cover-number of a valley can be arbitrarily large, e.g, if the
valley has a single level [0, 1/m]× 0, then m squares are required to cover it, for every integer m. For our
purposes, we can restrict our attention to valleys that do not have such deep levels. Formally, we require
the valley to have the Shallowness property, which means that for every level i:

dyi ≤ dxi

This property guarantees that the valley can be covered by at most T + 1 squares, as we show in the
following subsection.

Covering a valley with squares

Lemma 3.5.2. If C is a valley with T teeth satisfying the Shallowness property, then:

CoverNum(C, Squares) ≤ T + 1
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Proof. Consider the lowest level — the level i with the smallest yi. Consider the square:

Si := [xleft
i , xleft

i + dxi]× [yi, yi + dxi]

Because this is the lowest level, both its endpoints are inner corners, so xleft
i = xmin

i and xleft
i + dxi = xright

i =
xmax

i .
The Shallowness property guarantees that dxi ≥ dyi. Hence, yi + dxi ≥ yi + dyi = min(yright

i , yleft
i ).

Hence, Si contains the rectangle:

Ri := [xleft
i , xright

i ]× [yi, min(yleft
i , yright

i )]

Call Ri the covering rectangle of level i (see Figure 3.10/Right). If we remove from the valley the covering
rectangle of i (the lowest level), then at least one of the teeth adjacent to it (from the left or from the right)
is flattened, and we remain with at most T − 1 teeth. In some remaining levels j, the xmin

j and xmax
j values

might change, but the xleft
j and xright

j do not change since the removed level was lower than all surrounding
levels. Hence, dxj and dyj do not change, the Shallowness property is preserved, and we can continue this
process iteratively until all the valley is covered. The number of squares in the covering is at most the
number of levels, T + 1.

The division procedure

We are now ready to present the valley-division procedure.
We normalize the valuations of all agents such that the value of the entire valley for each agent is

2n− 1 + T. We use a sequence of mark auctions to give each agent a square with a value of at least 1.
We proceed by induction on the number of agents n. When n = 1, the value for the single agent is at

least T + 1. By Lemma 3.5.2 the valley can be covered by T + 1 squares, so by the Covering Lemma the
agent can get a square with a value of at least 1.

Suppose we already know how to divide a T-valley to n − 1 agents, for every integer T ≥ 0. Now
there are n agents. Start by doing 2(T + 1) mark auctions. There are two auctions per level: one on the left
and one on the right of its covering rectangle. For every level i ∈ {1, . . . , T + 1}, ask each agent to mark
two squares with a value of exactly 1: a square with its bottom-left corner at the bottom-left corner of Ri

(xleft
i , yi) and a square with its bottom-right corner at the bottom-right corner of Ri (xright

i , yi). The squares
may overlap. An agent can refrain from participating in an auction if the largest square he can mark at
this corner has a value of less than 1. By the Covering Lemma, each agent can participate in at least one
auction.

In each corner, there are at most n squares. From these, we select a smallest square as the "corner-
winning-bid". Now we have at most 2(T + 1) corner-winners. The global-winner is the square with a
lowest top side. I.e, if the side-length of the i-level winning-bid is li, then the global winner is a square
with a smallest yi + li.

In the illustration below, the index of each level is written below the level. There are squares only in 7
out of 10 corners, since no agents participated in the auction for the corner (xleft

3 , y3) (marked with x) and
for level 5. The global-winner (marked with thicker dots) is the corner-winner at the corner (xright

1 , y1):

1

2

3

4
5

x

In addition to the winning square, we may have to remove some other parts of the valley, in order to
ensure that the remaining valley satisfies the two properties defined above: the Sunlight property and the
Shallowness property. We have to prove that this allocation leaves a sufficiently high value for the losing
agents.
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After all the removals, the number of agents changes by ∆n = −1 since one agent leaves; the cake value
for a losing agent changes by ∆V (a negative quantity); and the number of teeth changes by ∆T which may
be positive or negative. Looking at the value requirement V ≥ 2n + T − 1, we see that in order to use the
induction assumption, it is sufficient to prove that for every loser:

∆V ≥ 2∆n + ∆T = ∆T − 2

so the value of each loser should drop by at most two units, plus one unit for each removed tooth.
The following analysis depends on whether the winning square is adjacent to a right corner (xright

i , yi)
as in the illustration above, or a left corner (xleft

i , yi). The two cases are entirely symmetric; henceforth we
assume that the winning square is adjacent to a right corner.

First, we handle the Sunlight property by cutting from the left edge of the winning square down to the
bottom border of C:

1

2

3

4
5

x

The winning square casts a shadow on m ≥ 0 teeth below it, which are all removed. In the illustration
above, m = 1. Additionally, a new tooth is added at the top-left of the winning square. Additionally, if the
winning square is higher than the tooth at its right (as in the figure), then that tooth is removed and a new
tooth is added at the top-right of the winning square. All in all, ∆T = 1−m.

The winning square casts a shadow on 1 + m levels. All squares of the losing agents in these levels
are higher than the winning square; hence, the shadows of the winning square are contained in the losers’
squares, and the total value of the shadows is at most 1+m. All in all, ∆V ≥ −1−m = ∆T− 2, as required.

Next, we have to handle the Shallowness property by removing deep levels — levels for which dyj > dxj
or equivalently:

min(yright
j , yleft

j )− yj > xright
j − xleft

j (3.1)

This is done separately to the left and to the right of the winning square:

• A level to the left of the winning square (j < i) may become deep if the left edge of the winning
square, and the cut from that edge downwards, becomes its rightmost wall:

xright
j ← xleft

i yright
j ← yi + li

(yi + li)− yj > xleft
i − xleft

j

• A level to the right of the winning square (j > i) may become deep if the right edge of the winning
square becomes its leftmost wall:

xleft
j ← xright

i yleft
j ← yi + li

(yi + li)− yj > xright
j − xright

i

In each side, we remove the highest deep level, and all levels below it. In the illustration below, only
level 4 (to the right of the winning square) is removed:

39



1

2

3

4
5

x

By selection of the global winner: yj + lj ≥ yi + li, which implies:

lj ≥ (yi + li)− yj (3.2)

If a level j < i becomes deep, then (3.2) implies:

lj > xleft
i − xleft

j

=⇒ xleft
j + lj > xleft

i .

In addition to yj + lj ≥ yi + li, this implies that the removed rectangle [xleft
j , xleft

i ]× [yj, min(yi + li, yleft
j )] is

contained in the corner-winner: [xleft
j , xleft

j + lj]× [yj, yj + lj]. Hence, the value of the removed rectangle is
at most 1. At most one unit of value is removed, and one tooth is removed. Hence, the balance between
∆V and ∆T is maintained.

If a level j > i becomes deep, then (3.2) implies:

lj > xright
j − xright

i

=⇒ xright
j − lj < xright

i .

In addition to yj + lj ≥ yi + li, this implies that the removed rectangle [xright
i , xright

j ]× [yj, min(yi + li, yright
j )]

is contained in the corner-winner: [xright
j − lj, xright

j ]× [yj, yj + lj]. Hence, the value of the removed rectangle
is at most 1. At most one unit of value is removed, and one tooth is removed. The balance between ∆V and
∆T is maintained.

Finally, we have to handle the Sunlight property again by removing all levels below the levels removed
in the previous step. We now prove that in all such levels, no agent marked any square. Indeed, let j be a
level that became deep, and k be a level shadowed by it. So yk < yj and xleft

k > xleft
j and xright

k < xright
j . The

side-length of any square marked in level k is at most xright
k − xleft

k , so lk < xright
k − xleft

k < xright
j − xleft

j and:

yk + lk < yj + (xright
j − xleft

j )

Combining this with (3.1) gives:

yk + lk < min(yright
j , yleft

j ) ≤ yi + li

but this contradicts the assumption that i is the global-winning-square. Therefore, all levels below a deep
level have a value of less than 1 to all agents. At most one unit of value is removed per level, so the balance
between ∆V and ∆T is maintained.

To summarize: after allocating the winning square to the winner and removing some parts of the valley,
we have a new valley with T + ∆T teeth satisfying the Sunlight and the Shallowness properties, and each
losing agent values it as at least ((2n− 1 + T) + ∆V) ≥ ((2n− 1 + T) + (∆T − 2)) = 2(n− 1)− 1 + (T +
∆T). Therefore, by the induction assumption we can continue to divide it among the n− 1 losers.

The above procedure proves that, for every n ≥ 1, T ≥ 1:

Prop(T valley, Squares, n) =
1

2n− 1 + T

A square with 3 walls is a valley with no teeth. It obviously satisfies the Sunlight property and the
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Shallowness property. Letting T = 0 in the above formula yields:

Prop(Square with three walls, Squares, n) =
1

2n− 1

matching the upper bound.

Remark

We divided a 2-walls square by generalizing it to a "staircase", and divided a 3-walls square by generalizing
it to a "valley". The natural next step is to divide a 4-walls square by generalizing it to a rectilinear polygon.
This is a much more challenging task even for a single agent. The algorithmic problem of finding a minimal
square-covering for a rectilinear polygon has been solved by Bar-Yehuda and Ben-Hanoch (1996), and we
believe that their algorithm can be used for developing a rectilinear polygon division procedure. However,
this algorithm is much more complicated than our covering algorithm of Subsection 3.5.4, so the division
procedure will probably also be much more complicated.

In the next subsection we present a procedure for dividing a square using a different approach, which
works only when the value measures are identical.

3.5.5 Four walls, guillotine cuts, identical valuations

Our procedures for identical valuations differ from the other procedures in that they do not use auctions,
since all agents would make the same bids anyway.

We develop simultaneously a pair of division procedures. Both procedures accept a cake C which is
assumed to be the rectangle [0, 1] × [0, L], and a single continuous value measure V. They return some
disjoint square pieces {Xi} such that for every i: V(Xi) ≥ 1.

The two procedures differ in their requirement on L (the height/length ratio of the cake) and in the
number of “walls” (bounded sides) they assume on the cake:

• The fat-procedure requires that L ∈ [1, 2] (i.e, the cake is a 2-fat rectangle) and it guarantees that all
allocated squares are contained in C;

• The thin-procedure requires that L ∈ [2, ∞) (i.e, the cake is a "2-thin" rectangle) and it returns one of
the following two outcomes:

1. n− 1 squares contained in C (i.e, bounded by the 4 walls of the cake), or -

2. n squares contained in [0, ∞]× [0, L], i.e, bounded by only 3 walls but may flow over the right-
most border. Every square that flows over the rightmost border is guaranteed to have its leftmost
edge adjacent to the leftmost edge of C and its side-length at most L− 1 (the longer side of the
cake minus its shorter side), so that all squares are contained in [0, L− 1]× [0, L].

Additionally, the two procedures differ in their requirement on the total cake value:

• The fat-procedure requires that V(C) ≥ 2n.

• The thin-procedure requires that V(C) ≥ 2n− 2.

The procedures are developed by induction on n. We first consider the base case n = 1:

• In the fat-procedure, the cake value is 2 and the cake is 2-fat, so by the Covering Lemma it contains a
square with a value of at least 1.

• The thin-procedure can just return an empty set. This is an instance of the first outcome — n − 1
squares contained in C.

We now assume that both procedures work well for any number less than n. Given n ≥ 2, we proceed as
in the following subsections.

Henceforth, we make the following positivity assumption: every piece with positive area has positive
value. This assumption is only for convenience: it simplifies the presentation and reduces the number of
cases to consider. It can be dropped by adding sub-cases to each case in the procedures.
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Fat procedure

At this point, the cake is a 2-fat rectangle with width 1 and height L ∈ [1, 2]. Its total value is 2n, and n ≥ 2.
For every integer u ∈ [0, 2n], let yu be the value y ∈ [0, L] such that the cake below y has value u:

V([0, 1] × [0, yu]) = u. By the positivity assumption, yu is unique, y0 = 0 and y2n = L ≥ 1. Therefore,
there exists a smallest k ∈ [1, n] such that: y2k ≥ 1/2. Let Bottom := [0, 1]× [0, y2k] = the cake below y2k;
note that it is a 2-fat rectangle. Let Top := C \ Bottom = [0, 1] × [y2k, L] = the cake above y2k. We have
V(Bottom) = 2k and V(Top) = 2(n− k). Now there are two cases:

Case A: L− y2k ≥ 1/2 (this implies k < n). Thus Bottom and Top are both 2-fat rectangles:

L

0

y2k

← TopV = 2(n− k)

← BottomV = 2k

Apply the fat procedure to Bottom and Top and get k + (n− k) = n squares contained in C.
Case B: L − y2k < 1

2 , so Bottom is 2-fat and Top is 2-thin. Now consider y2k−2. By definition of k,
y2k−2 < 1

2 . Let Bottom′ := [0, 1]× [0, y2k−2] and Top′ := C \ Bottom′ = [0, 1]× [y2k−2, L], so V(Bottom′) =
2(k − 1) = V(Bottom)− 2 and V(Top′) = 2(n− k + 1) = V(Top) + 2. Note that Bottom′ is 2-thin and is
contained in Bottom, and Top′ is 2-fat and contains Top:

L

0

y2k

y2k−2

V = 2(n− k)

V = 2

V = 2(k− 1)

← Top

← Bottom′ ← Bottom

← Top′

Because here n ≥ 2, either n− k ≥ 1 or k− 1 ≥ 1 or both. Hence, at least one of the two 2-thin parts
(Top, Bottom′) is non-empty and with value at least 2. Use the thin procedure to divide the non-empty thin
part/s. In each part there are two possible outcomes: a smaller number of squares within 4 walls or a larger
number of squares within 3 walls. There are several cases to consider.

— One easy case is that we get the 4-walls outcome in at least one of the parts — either in Top or in
Bottom′ or in both. Suppose that we get the 4-walls outcome in Bottom′. So we have k− 1 squares within
the 4 walls of Bottom′. Ignore the outcome on Top and apply the fat procedure to Top′. This results in
n− k + 1 additional squares, so we have the required n squares. The situation is analogous if we get the
4-walls outcome in Top.

— Another easy case is that we get the 3-walls outcome in one part, and the other part is empty. Suppose
that Top is empty (this implies k = n) and we get the 3-walls outcome in Bottom′. So we have (k− 1)+ 1 = n
squares contained in [0, 1]× [0, 1− y2k−2] ⊆ C, as required. The situation is analogous if Bottom′ is empty
and we get the 3-walls outcome in Top.

— The hard case is that both Top and Bottom′ are non-empty and the thin procedure on both of them
returns the 3-walls outcome. Now we have k bottom squares and n− k + 1 top squares, for a total of n + 1
squares, e.g:
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L

0

y2k

y2k−2

← Top

← Bottom′

A potential problem in the last step is that some of the squares might overlap: some top squares might flow
over the lower boundary of Top and overlap a bottom square, or some bottom squares might flow over the
upper boundary of Bottom’ and overlap a top square. To prevent an overlap, we remove a single square
— the largest of the n + 1 squares (dashed square in the illustration above) — and return the remaining n
squares.

It remains to prove that, indeed, after the largest square is removed, the remaining n squares do not
overlap. The proof is purely geometric and it is delegated to Appendix 3.B.

Thin procedure

At this point, the cake is a 2-thin rectangle with width 1 and height L ∈ [2, ∞). Its total value is 2n− 2, and
n ≥ 2. The procedure is allowed to return one of two outcomes:

Outcome #1: n− 1 squares bounded by the 4 walls of C, i.e, contained in [0, 1]× [0, L], or —
Outcome #2: n squares bounded by the 3 walls of C, i.e, contained in [0, ∞]× [0, L]. In this case, every

square that flows over the rightmost border must have its leftmost edge adjacent to the leftmost edge of C
(the edge x = 0), and its side-length must be at most L − 1 (the longer side of C minus its shorter side).
This means that all n squares must be contained in [0, L− 1]× [0, L].

We first handle the case n = 2, in which V = 2.
Select y ∈ [0, L] such that V([0, 1]× [0, y]) = V([0, 1]× [y, L]) = 1. Proceed according to the value of y:

L

0

L− 1
1

y

V = 1

V = 1

L

0

L− 1
1

y

V = 1

L

0

L− 1
1

y
V = 1

• If y ∈ [1, L− 1] (left) then return the two squares [0, y]× [0, y] and [0, L− y]× [y, L]. Both squares are
in [0, L− 1]× [0, L] with their left side at x = 0; this is an instance of outcome #2.

• If y ∈ [0, 1) (middle) then return [0, 1]× [0, 1]; if y ∈ (L− 1, L] (right) then return [0, 1]× [L− 1, L].
Both cases are instances of outcome #1.

From now on we assume that n ≥ 3.
For every u ∈ [0, 2n − 2], define yu as the value y ∈ [0, L] such that the cake below y has value u:

V([0, 1]× [0, yu]) = u. By the positivity assumption, yu is unique and y0 = 0 and y2n−2 = L. Therefore,
there exists a smallest k ∈ [1, n− 1] such that: y2k ≥ 1

2 . Mark the cake below y2k ([0, 1]× [0, y2k]) as Bottom
and the part above it ([0, 1]× [y2k, L]) as Top. We have V(Bottom) = 2k and V(Top) = 2(n− k− 1).

Now there are two cases:
Case A: L− y2k ≥ 1

2 (this implies k < n− 1). Thus each of Bottom and Top is either 2-fat, or 2-thin with
its longer side facing rightwards.

43



L

0

y2k

← Top

V = 2(n− k− 1)

← Bottom

V = 2k

Apply the fat procedure or the thin procedure, whichever is appropriate, to Bottom and Top. In each part
there are two possible outcomes: a smaller number of squares within 4 walls, or a larger number of squares
within 3 walls.

— If we get the 4-walls outcome in both parts, then we have k + (n− k− 1) = n− 1 squares within the
4 walls of C, which is an instance of Outcome #1.

— If we get the 4-walls outcome in one part and the 3-walls outcome in the other part, then we have
k + (n− k) = n or (k + 1) + (n− k− 1) = n squares within 3 walls. By the induction assumption, the thin
procedure guarantees that all squares flowing over the rightmost border have their leftmost edge adjacent
to the leftmost wall x = 0, and their side-length at most the longer side minus the shorter side. Here,
the longer side of both Bottom and Top is less than L and their shorter side is 1, so all these squares are
contained in [0, L− 1]× [0, L], so we have an instance of Outcome #2.

— If we get the 3-walls outcome in both parts, then we have k + (n− k) + 1 = n + 1 squares within 3
walls. We can discard one square arbitrarily and remain with n squares as in the above case, which is again
an instance of Outcome #2.

Case B: L− y2k <
1
2 , so Bottom is 2-fat or 2-thin facing rightwards, and Top is 2-thin facing downwards.

Now consider y2k−2. By definition of k, y2k−2 < 1
2 . let Bottom′ = [0, 1] × [0, y2k−2] and Top′ = [0, 1] ×

[y2k−2, L], so V(Bottom′) = 2(k − 1) = V(Bottom)− 2 and V(Top′) = 2(n− k) = V(Top) + 2. Note that
Bottom′ is 2-thin facing upwards and is contained in Bottom, and Top′ is 2-fat or 2-thin facing rightwards
and contains Top:

L

0

y2k

y2k−2

← TopV = 2(n− k− 1)

V = 2

V = 2k− 2 ← Bottom′ ← Bottom

← Top′

At this point n ≥ 3, so either n− k− 1 ≥ 1 or k− 1 ≥ 1 or both. Hence, at least one of the two thin parts
facing downwards/upwards (Top, Bottom′) is non-empty and with value at least 2. Use the thin procedure
on the non-empty part/s facing downwards/upwards. In each part there are two possible outcomes: a
smaller number of squares within 4 walls or a larger number of squares within 3 walls. There are several
cases to consider.

— One easy case is that we get the 4-walls outcome in at least one of the parts — either in Top or in
Bottom′ or in both. Suppose that we get the 4-walls outcome in Bottom′ (the situation is analogous if we get
the 4-walls outcome in Top). So we have k− 1 squares within the 4 walls of Bottom′. We ignore the outcome
on Top and proceed to get additional squares from Top′. Apply to Top′ either the fat procedure (if it is 2-
fat) or the thin procedure (if it is 2-thin facing rightwards). One possibility is that we get n− k additional
squares contained in Top′; then we have a total of n − 1 squares contained in C, which is an instance of
Outcome #1. Another possibility is that we get n− k + 1 additional squares bounded by only three walls of
Top′; by the induction assumption and the guarantees of the Thin Procedure, the squares that flow over the
rightmost border of Top′ are adjacent to its leftmost wall, which coincides with the leftmost wall of C. Their
side-length is at most the longer side-length of Top′ minus its shorter side-length; the longer side-length of
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Top′ is less than L and its shorter side-length is 1, so the side-length of all the additional squares is at most
L− 1, and we have an instance of Outcome #2.

— Another easy case is that we get the 3-walls outcome in one part, and the other part is empty. Suppose
that Top is empty (this implies k = n− 1) and we get the 3-walls outcome in Bottom′. So we have (k− 1) +
1 = n− 1 squares contained in [0, 1]× [0, 1− y2k−2] ⊆ C, which is an instance of Outcome #1. The situation
is analogous if Bottom′ is empty and we get the 3-walls outcome in Top.

— The hard case is that both Top and Bottom′ are non-empty and the thin procedure on both of them
returns the 3-walls outcome. We now have the following squares:

• k ≥ 1 bottom squares in [0, 1]× [0, 1− y2k−2];

• n− k ≥ 1 top squares in [0, 1]× [L− 1 + (L− y2k), L].

Because L ≥ 2, no squares overlap:

L

0

y2k

y2k−2

← Top

← Bottom′

We now have n squares within the 4 walls of C, which is more than we need for Outcome #1.

The guarantees of the Fat Procedure imply that, for all n ≥ 2:

PropSame(Square with 4 walls, Squares, n) ≥ 1
2n

which exactly matches the upper bound of Claim 3.3.4.

Fat rectangle pieces

When the pieces are allowed to be R-fat rectangles, the above lower bound is of course still valid. But when
R ≥ 2, the Fat Procedure can give a slightly stronger guarantee - the required value is 2n− 1 instead of 2n
(the Thin Procedure is unchanged). The required modifications in the Fat Procedure are briefly explained
below:

• In the base case (n = 1), the cake value is 1 and it is 2-fat, so the procedure returns the entire cake as
a single piece.

• In the main procedure (n ≥ 2), we first try to cut the cake horizontally to two 2-fat rectangles and
apply the Fat Procedure to each of them. For this, we need to find some y ∈ [1/2, L− 1/2] such that
the value below y is at least 2k − 1 and the value above y is at least 2(n − k) − 1, for some integer
k ≥ 1. Then, both the part below y and the part above y are 2-fat. By the induction assumption, the
Fat Procedure finds k 2-fat-rectangles in the bottom part and n− k 2-fat-rectangles in the top part, so
we are done.

• If we cannot find such y, this means that for all y ∈ [1/2, L− 1/2] and every integer k′, either the value
below y is less than 2k′ − 1 or the value above y is less than 2(n − k′) − 1. But the latter condition
implies that the value below y is more than 2k′, so the condition becomes: for all y ∈ [1/2, L− 1/2]
and every integer k′, the value below y is either less than 2k′ − 1 or more than 2k′. So for all y ∈
[1/2, L− 1/2], the value below y is in the open interval (2k− 2, 2k− 1) for some integer k ≥ 1. This
means that the cake looks like this, for some integer k:
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L

0

y2k−2
V = 2(k− 1)

y2k−1
V = 2(n− k)

V = 1

← Top

← Bottom′ ← Bottom

← Top′

where y2k−2 < 1/2 and y2k−1 > L− 1/2. Hence, the parts Top := [0, 1]× [y2k−1, L] and Bottom′ :=
[0, 1]× [0, y2k−2] are both 2-thin rectangles (one of these parts may be empty). V(Top) = 2(n− k) and
V(Bottom′) = 2(k− 1). This is exactly the same situation as in Case B of the original procedure. We
can now apply the Thin Procedure to Top and to Bottom′ and proceed according to the outcomes.

Therefore, for all n ≥ 2 and R ≥ 2:

PropSame(Square with 4 walls, R f at rectangles, n) ≥ 1
2n− 1

which exactly matches the upper bound of Claim 3.3.15.

Remark

The above procedures work only when the value measures are identical. The main reason is that the Thin
procedure may return one of two outcomes. When there is a single value measure, the returned outcome is
unique. But when there are different value measures, each value measure may induce a different outcome,
and the different outcomes may be incompatible.

3.5.6 Compact cakes of any shape

As explained in Subsection 3.1.1, when the cake can be of an arbitrary shape, Prop(C, S, n) may be arbitrar-
ily small. Hence it makes sense to assess the fairness of an allocation for a particular agent relative to the
total utility that this agent can get in an S-piece when given the entire cake. This intuition is captured by the
following definition. It is an analogue of Definition 3.2.1, the only difference being that the normalization
factor is the cake utility VS(C) instead of the cake value V(C):

Definition 3.5.3. (Relative proportionality) For a cake C, a family of usable pieces S and an integer n ≥ 1:
(a) The relative proportionality level of C, S and n, marked RelProp(C, S, n), is the largest fraction r ∈ [0, 1]

such that, for every set of n value measures (Vi, ..., Vn), there exists an S-allocation (X1, ..., Xn) for which
∀i : Vi(Xi)/VS

i (C) ≥ r.
(b) The same-value relative proportionality level of C, S and n, marked RelPropSame(C, S, n), is the largest

fraction r ∈ [0, 1] such that, for every single value measure V, there exists an S-allocation (X1, ..., Xn) for
which ∀i : V(Xi)/VS(C) ≥ r.

Our first result involves parallel squares.

Claim 3.5.3. For every cake C which is a compact subset of R2:

RelProp(C, Parallel squares, n) ≥ 1
8n− 6

Proof. We normalize the valuations of all agents such that, for every agent i, VS
i (C) = 8n− 6. We show a

division procedure giving each agent a square with a value of at least 1.
(1) Preparation: Each agent i draws a “best square” in C — a square qi that maximizes Vi. The existence

of such a square can be proved based on the compactness of the set of squares in C; this is done in Appendix
3.C. By definition of the utility function VS, for every i: Vi(qi) = VS

i (C) = 8n− 6.
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(2) Mark auction: Let N := 4n − 3. Ask each agent i to mark, inside qi, N pairwise-disjoint parallel
squares with a value of 1 (the agent can do so by using the division procedure for identical value measures
described in Subsection 3.5.5: this procedure finds N squares in qi, each of which has a value of at least
Vi(qi)/(2N) = 1). Let Qi be the collection of N squares marked by i.

An agent’s bid is interpreted as saying "I am willing to give my entitlement to a piece of C in exchange
for any square in Qi". Our goal now is to allocate to each agent i a single piece from the collection Qi such
that the n allocated pieces are pairwise-disjoint.

(3) Winner selection: a smallest square in ∪iQi is selected as the winning bid (if there several smallest
squares, one is selected arbitrarily). Denote the selected smallest square by q∗ and suppose it belongs to
agent i. Agent i now receives q∗ and goes home.

(4) Bid adjustment: For each agent j 6= i, remove from Qj all squares that overlap q∗. Since the squares
in Qj are all pairwise-disjoint and not smaller than q∗, the number of squares removed is at most 4. This is
based on the following geometric fact: given a square q, there are at most 4 parallel squares that are larger
than q, overlap q and do not overlap each other. This is because each square larger than q which overlaps
q, must overlap one of its 4 corners, so there can be at most 4 such squares:

After the removal, each of the remaining n− 1 agents has a collection of at least 4(n− 1)− 3 squares. If
only a single agent remains, then his collection contains at least 1 square; allocate this square to the single
agent and finish. Otherwise, go back to step (3) and select the next winner from the remaining n− 1 agents.

Finally, each agent i ∈ {1, . . . , n} holds a square from the collection Qi. This square has a value of at
least 1, which proves the claim.

The proof of Claim 3.5.3 can be generalized to other families of usable pieces:
Claim 3.5.4. For a family of pieces S, define:

• OS = the largest number of pairwise-disjoint S-pieces that overlap an S-piece with a smaller diameter.

• PropSame(S, S, n) = infC∈S PropSame(C, S, n).

Then for every compact cake C and every n ≥ 1:

RelProp(C, S, n) ≥ PropSame(S, S, OS · (n− 1) + 1)

The proof is exactly the same as that of Claim 3.5.3, with only the constant 4 replaced by OS, 3 replaced
by OS − 1 and the function 1/(2N) replaced by PropSame(S, S, N).

When S is the family of general (rotated) squares, OS = 8:18

18We are grateful to Mark Bennet, Martigan, calculus, Red, Peter Woolfitt and Dejan Govc for their help in calculating this
number in http://math.stackexchange.com/q/1085687/29780 . Image credit: Dejan Govc. Licensed under CC-BY-SA 3.0.

47



Corollary 3.5.4. For every cake C which is a compact subset of R2:

RelProp(C, Squares, n) ≥ 1
16n− 14

When S is the family of parallel R-fat rectangles, OS = d2R + 2e:

Corollary 3.5.5. For every cake C which is a compact subset of R2:

RelProp(C, Parallel R f at rectangles, n) ≥ 1
2d2R + 2e(n− 1) + 2

For completeness, we present the following trivial result regarding identical value measures:

Claim 3.5.5. For every cake C which is a compact subset of R2:

RelPropSame(C, Squares, n) =
1

2n

Proof. Suppose the value measure of all n agents is V. Let q be a best square in C — a square that maximizes
V. By definition of the utility function, V(q) = VS(C). Because q is a square, it is possible to allocate within
it n disjoint squares with a value of at least V(q)/(2n) = VS(C)/(2n).

Remarks

1. The constant OS — the largest number of pairwise-disjoint S-pieces that overlap an S-piece with a
smaller diameter — has been used for developing approximation procedures for the problem of finding
a maximum non-overlapping set (Marathe et al., 1995). The approximation factors are not tight. For ex-
ample, for n = 2, in step (b) we create 4n − 3 = 5 axis-parallel squares for each agent, but it is possible
to prove that 3 squares per agent suffice for guaranteeing that a pair of disjoint squares exists. Hence,
RelProp(C, Axis parallel squares, n = 2) ≥ 1/6. What is the smallest number of squares required to guar-
antee the existence of n disjoint squares? This open question is interesting because it affects both the
proportionality coefficient in our fair cake-cutting procedure and the approximation coefficient in the max-
imum disjoint set algorithm of Marathe et al. (1995).

2. The Winner Selection procedure (step 3 in the proof) can be used even when the value functions of
the agents are not additive or even not monotone (i.e. some parts of the land have negative utility to some
agents). As long as every agent can draw N disjoint squares, the procedure guarantees that he receives one
of these pieces.

3. Iyer and Huhns (2009) present a division procedure in which each agent marks n desired rectangles.
Their goal is to allocate each agent a single desired rectangle. However, because the rectangles might be
arbitrarily thin, it is possible that a single rectangle will intersect all other rectangles. In this case, the
procedure fails and no allocations are returned. In contrast, our procedure requires the agents to draw fat
pieces. This guarantees that it always succeeds.

3.6 Conclusions and Future Work

This chapter laid the foundations for fair cake-cutting with geometric constraints. This topic has a large
potential for future research. Some possible directions are suggested below.

3.6.1 Open questions

We would like to close the gaps between the possibility and impossibility results in Tables 3.1 and 3.2. The
most interesting gap, in our opinion, is related to an unbounded plane. Our impossibility result assumes
that the squares are parallel to each other; if the squares are allowed to rotate arbitrarily, then we do not
have an impossibility result, and we do not know whether a proportional division is possible.

Based on our current results, and some other results which we had to omit in order to keep the paper
length at a reasonable level, we make the following conjecture:
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Conjecture. When a cake C is divided to n agents each of whom must receive a fat rectangle, the attainable propor-
tionality is:

1
2n + Geom(C)

Where Geom(C) is a (positive or negative) constant that depends only on the geometric shape of the cake.

In other words: the move from a one-dimensional division to a two-dimensional division asymptoti-
cally decreases the fraction that can be guaranteed to every agent by a factor of 2.

Another direction is extending the results to cakes in three or more dimensions. We have some prelim-
inary results in this direction.

It may be interesting to study cakes of different topologies, such as cylinders and spheres. We mention,
in particular, the following potentially practical open question: is it possible to divide Earth (a sphere) in a
fair-and-square way?

3.6.2 Different geometric constraints

The present chapter focused on constraints related to geometric shape — squareness or fatness. One could
also consider constraints related to size, e.g. by defining the family S to be the family of all rectangles of
length above 10 meters or area above 100 square meters. A problem with these constraints is that they are
not scalable. For example, if the cake is 200-by-200 meters and there is either a length-minimum of 10 or
an area-minimum of 100, then it is impossible to divide the land to more than 400 agents. Governments
often cope with this problem by putting an upper bound on the number of people allowed to settle in
a certain location. However, this limitation prevents people from taking advantage of new possibilities
that become available as the number of people increases. For example, while in rural areas a land-plot of
less than 10-by-10 meters may be considered useless because it cannot be efficiently cultivated, in densely
populated cities even a land-plot as small as 2-by-2 meters can be used as a parking lot for rent or as a
lemonade selling spot. Limiting the number of agents assures that each agent gets a land-plot that can
be cultivated efficiently, but it may prevent more profitable ways of using the land-plots. In contrast, the
squareness/fatness constraint is scalable because it does not depend on the absolute size of the land-cake.
It is equally meaningful in both densely and sparsely populated areas.

The division problem can be extended by allowing each agent to have a different geometric constraint
(a different family S of usable shapes) or even to have utility functions which combine different families of
usable shapes (with an agent-specific weight for each family).

Finally, the two auction types used by our procedures (see Subsection 3.1.2) can possibly be generalized.
For example, it may be interesting to see what can be attained if each agent receives two entitlements
instead of one. This is common in some rural settlements, in which each settler receives two plots — one
for housing and one for farming.

3.6.3 Web implementation

Some of the algorithms presented in this chapter have been implemented and can be tried online.19 Cur-
rently the website is only used for demonstration purposes, but it can be made more practical, for example,
by letting the users upload maps of lands that have to e divided, and by letting users submit their valua-
tions remotely.
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(x∗ , y∗)

Figure 3.11: a. A staircase with T = 3 teeth and T + 1 = 4 corners and a square in each corner. The
diagonal (dashed) represents tj — the taxicab distance from the origin to the square center. The square at
corner 2 is the winning square as its taxicab distance is minimal (the diagonal is closest to the origin).
b. The shadow of the winning square (dotted). Note that each rectangular component of the shadow is
entirely contained in the square of the corresponding corner.

Chapter 3 Appendix
3.A Staircase Lemma

This appendix proves the following geometric lemma, which is used in Section 3.5.2:

Lemma 3.A.1. (Staircase Lemma) Let C be a staircase-shaped polygonal domain with T teeth (and T + 1 corners).
Suppose that in each inner corner j ∈ {1, . . . , T + 1}, with coordinates (xj, yj), there is a square with side-length lj
(the square [xj, xj + lj]× [yj, yj + lj]).

Define the shadow of square j as the intersection of C with the rectangle [0, xj + lj]× [0, yj + lj] (this is the area
of C that is removed when cutting from the top-right corner of square j towards the bottom and left boundaries of C;
see Figure 3.11/b).

There exists a corner j such that the shadow of square j is contained in the union of the T + 1 squares.

Proof. For every j ∈ {1, . . . , T + 1}, define:

tj := xj + yj + lj

tj can be interpreted as the "taxicab distance" (`1 distance) from the origin to the center of the square at
corner j, or equivalently to its bottom-right or top-left corner;

Define the winning square as the square j for which tj is minimized. Denote its corner coordinates by
(x∗, y∗) and its side-length by l∗. We now prove that the shadows of the winning square are contained
in the other squares. We decompose the shadows of the winning square to pairwise-disjoint rectangular
components in the following way.

• For each corner j to the top-left of the winning square, the component is a rectangle with coordinates:
[xj, x∗]× [yj, y∗ + l∗]. Note that this component is empty if yj ≥ y∗ + l∗, as in corner 4 in Figure 3.11.

• For each corner j to the bottom-right of the winning square, the component is a rectangle with coor-
dinates: [xj, x∗ + l∗]× [yj, y∗]. This component is empty if xj ≥ x∗ + l∗.

By definition of the winning square, for every j ∈ {1, . . . , T + 1}:

xj + yj + lj ≥ x∗ + y∗ + l∗ (3.3)

Now:

• For each corner j to the top-left of the winning square, we have xj < x∗. Combining this with (3.3)
gives y∗ + l∗ < yj + lj. Moreover, if the component in that corner is not empty, then necessarily
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yj < y∗ + l∗. Combining this with (3.3) gives x∗ < xj + lj. Hence, the component [xj, x∗]× [yj, y∗ + l∗]
is contained in the square [xj, xj + lj]× [yj, yj + lj].

• For each corner j to the bottom-right of the winning square, we have yj < y∗. Combining this with
(3.3) gives x∗ + l∗ < xj + lj. Moreover, if the component in that corner is not empty, then necessarily
xj < x∗ + l∗. Combining this with (3.3) gives y∗ < yj + lj. Hence, the component [xj, x∗ + l∗]× [yj, y∗]
is contained in the square [xj, xj + lj]× [yj, yj + lj].

We proved that every component of the shadow of the winning square is contained in one of the T + 1
squares; hence, the winning square satisfies the requirement of lemma.

3.B Non-intersection of Squares in Fat Procedure

This appendix proves that in the last step of the Fat Procedure (Subsection 3.5.5), the n returned squares do
not overlap.

Recall that at this step, the cake has two distinguished regions: Bottom′ := [0, 1]× [0, yb] and Top :=
[0, 1]× [yt, L], both of which are 2-thin rectangles, i.e, 0 < yb < 1/2 ≤ L− 1/2 < yt < L. In each region
there is a family of squares: the bottom squares were returned by applying the Thin Procedure to Bottom’,
and the top squares were returned by applying the Thin Procedure to Top. The squares in each family are
pairwise-disjoint, but squares from different families might overlap. Our goal is to prove that, after a single
largest square is removed, the remaining squares do not overlap, as in the following illustration:

L

0

← Top
yt

yb
← Bottom′

Recall that, by the specification of the Thin Procedure (Subsection 3.5.5), the squares in each family can be
divided to two types, which we call "doves" and "hawks":

• Doves are squares generated by Outcome #1 of the Thin Procedure (or by recursive calls to the Fat Pro-
cedure). They are contained within the four walls of their rectangle: the bottom doves are contained
in [0, 1]× [0, yb], and the top doves are contained in [0, 1]× [yt, L].

• Hawks are squares generated by Outcome #2 of the Thin Procedure. They are contained within only
three walls of their rectangle, with one of their edges adjacent to the wall opposite the open side:
the bottom edge of all bottom hawks is at y = 0, and the top edge of all top hawks is at y = L.
Moreover, the side-length of each hawk is at most the longer side of its rectangle minus the shorter
side of its rectangle; hence, the side-length of all bottom hawks is at most 1− yb and their top edge is
in y ∈ [yb, 1− yb], and the side-length of all top hawks is at most 1− (L− yt) and their bottom edge
is in y ∈ [L− (1− L + yt), yt].

Claim 3.B.1. In each family, the sum of the side-lengths of all hawks is at most 1.

Proof. The bottom hawks are all bounded in a rectangle of length 1: [0, 1]× [0, 1− yb]. Their bottom side is
at y = 0. Since they do not overlap, the sum of their side-lengths must be at most 1. A similar argument
holds for the top hawks.

An immediate corollary of Claim 3.B.1 is that at most one hawk from each side has side-length more
than 1/2. We call each of these two hawks (if it exists) the dangerous hawk.

We say that a square q attacks a square q′ if q is larger than q′ and q overlaps q′. This is possible only
if q and q′ are in two opposite families, since the squares in each family are pairwise-disjoint. The doves
obviously do not attack each other because yb < yt. So the only possible attacks are: top hawks attacking
bottom hawks/doves, or bottom hawks attacking top hawks/doves.

After removing the largest square, at most one dangerous hawk remains; it is only this hawk that might
attack other squares in the opposite side. We now prove that even this dangerous hawk does not attack
other squares.
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Claim 3.B.2. No remaining hawk attacks any dove.

Proof. We prove that no remaining hawk even enters the rectangle of the opposite family (no remaining
bottom-hawk enters Top and no remaining top-hawk enters Bottom′). Since all doves are contained in their
rectangle, they are safe. There are two cases:

Case 1: yt ≥ L− yb. Then also yt ≥ 1− yb. The side-length of all bottom hawks is at most 1− yb, so no
bottom hawk enters Top. If the top dangerous hawk enters Bottom′, then its side-length must be more than
L− yb, so it is larger than all bottom hawks. Hence, it is the largest square and it is removed.

Case 2: yt < L − yb. Then also 1 − (L − yt) < 1 − yb ≤ L − yb. The side-length of all top hawks
is at most 1− (L − yt), no top hawk enters Bottom′. If the bottom dangerous hawk enters Top, then its
side-length must be more than yt, so it is larger than all top hawks. Hence, it is the largest square and it is
removed.

Claim 3.B.3. No remaining hawk attacks any hawk.

Proof. There are two cases:
Case 1: There is only one hawk (either bottom or top) with side-length more than 1/2. This is the largest

square so it is removed. The remaining squares have side-length at most 1/2 and thus do not attack each
other.

Case 2: There are two hawks (bottom and top) with side-length more than 1/2. W.l.o.g, assume the top
hawk is the largest, with a side-length of ht ≥ hb. By Claim 3.B.1, the sum of the side-lengths of all other
top hawks is at most 1− ht, hence the side-length of any single other top hawk is at most 1− ht which is at
most 1− hb which is at most L− hb. Hence, the bottom side of all remaining top hawks is above hb. Hence
the remaining bottom hawk cannot attack any of them.

3.C Existence of Best Pieces

This appendix shows how to prove the existence of a usable piece with a maximum value (this is used in
the proof of Claim 3.5.3). We start by defining a metric space of pieces (recall that a piece is a Borel subset
of R2 and Area is its Lebesgue measure).

Definition 3.C.1. The symmetric difference (SD) pseudo-metric is defined by:

dSD(X, Y) = Area[(X \Y) ∪ (Y \ X)]

dSD is not a metric because there may be different pieces whose symmetric difference has an area of 0,
e.g, a square with an additional point and a square with a missing point. To make SD a metric, we consider
only pieces X that are regularly open, i.e, the interior of the closure of themselves: X = Int[Cl[X]].

Claim 3.C.1. SD is a metric on the set of all regularly-open pieces.

Proof. 20 Let X and Y be two regularly-open sets such that dSD(X, Y) = 0. We prove that X = Y.
dSD(X, Y) = 0 implies Area[X \Y] = Area[Y \ X] = 0.
Y ⊆ Cl[Y] so X \Y ⊇ X \ Cl[Y]. Hence also Area[X \ Cl[Y]] = 0.
X is open and Cl[Y] is closed; hence X \ Cl[Y] is open (it is an intersection of two open sets).
The only open set with an area of 0 is the empty set (because any non-empty open set contains a ball

with a positive measure). Hence: X \ Cl[Y] = ∅.
Equivalently: X ⊆ Cl[Y].
By taking the Cl of both sides: Cl[X] ⊆ Cl[Y]
By a symmetric argument: Cl[Y] ⊆ Cl[X]
Hence: Cl[Y] = Cl[X]
By taking the Int of both sides and by the fact that they are regularly-open: Y = X.

Thus when we allocate a square we actually allocate only its interior. This has no effect on the utility of
the agents since the boundary has an area of 0 and so its value is 0 for all agents.

20We are thankful to Tony K., Phoemue X., Dafin Guzman, Henno Brandsma and Ittay Weiss for contributing to this proof via
discussions in the math.stackexchange.com website (http://math.stackexchange.com/a/1099461/29780).

53



Claim 3.C.2. Let D be the metric space defined by dSD. Let V be a measure absolutely continuous with
respect to area. Then V is a uniformly continuous function from D to R.

Proof. The fact that V is an absolutely continuous measure implies that, for every ε > 0 there is a δ > 0
such that every piece X with Area(X) < δ has V(X) < ε (Nielsen, 1997, Proposition 15.5 on page 251).
Hence, for every two pieces X and Y, if dSD(X, Y) < δ then Area(X \ Y) < δ and Area(Y \ X) < δ, then
V(X \Y) < ε and V(Y \ X) < ε, then |V(X)−V(Y)| = |V(X \Y)−V(Y \ X)| < ε.

Claim 3.C.3. Let V be a measure absolutely continuous with respect to area and Q a set of pieces which is
compact in the SD metric space. Then there exists a piece q ∈ Q for which V is maximized.

Proof. By the previous claim, V is a uniformly continuous and hence a continuous real-valued function. By
the extreme value theorem, it attains a maximum in every compact set.

The value measures considered in this paper are always absolutely continuous with respect to area.
Hence, to prove that a certain set of pieces Q contains a “best piece” it is sufficient to prove that Q is
compact. We do this now for the special case in which Q is the set of open squares contained in a given
cake (note that the same proof could be used for the set of closed squares):

Claim 3.C.4. Let C be a closed, bounded subset of R2. Let Q be the set of all open squares contained in C.
Then Q is compact in the SD metric space.

Proof. It is sufficient to prove that Q is sequentially compact, i.e. every infinite sequence of open squares
in C has a subsequence converging to an open square in C. Let {qi}∞

i=1 be an infinite sequence of open
squares in C. For every qi, let (Ai, Bi) be a pair of opposite corners. Because C is compact, it contains
Cl[q] and hence contains the points Ai and Bi. Hence the infinite sequence of pairs of points, {(Ai, Bi)}∞

i=1,
is an infinite sequence in C × C. C × C is compact because it is a finite product of compact sets. Hence,
the sequence has a subsequence converging to a limit point (A∗, B∗) ∈ C. From now on we assume that
{(Ai, Bi)}∞

i=1 is that converging subsequence. Let q∗ be the open square having A∗ and B∗ as two opposite
corners. We show that: (a) q∗ is an open square in C; (b) The subsequence {qi}∞

i=1 converges to q∗.
(a) q∗ is a obviously an open square by definition. We have to show that each point in q∗ is also a point

of C. To every square qi, attach a local coordinate system in which corner Ai has coordinates 0, 0 and corner
Bi has coordinates 1, 1 and every other point in Cl[qi] has coordinates in [0, 1]× [0, 1]. For every coordinate
(x, y) ∈ [0, 1]× [0, 1], let qi(x, y) be the unique point with these coordinates in Cl[qi] (e.g. Ai = qi(0, 0) and
Bi = qi(1, 1)).

For every (x, y), The sequence {qi(x, y)}∞
i=1 is a sequence of points which are all in C, and they converge

to q∗(x, y). Since C is closed, q∗(x, y) ∈ C.
(b) For every i, the area of the symmetric difference between q∗ and qi is bounded and satisfies the

following inequality:

dSD(q∗, qi) ≤ 4 ·max(d(A∗, Ai), d(B∗, Bi)) ·max(d(A∗, B∗), d(A∗, Bi), d(Ai, B∗), d(Ai, Bi))

Since all distances are bounded and d(A∗, Ai), d(B∗, Bi) converge to 0, the same is true for dSD(q∗, qi).
Hence, the subsequence {qi}∞

i=1 converges to q.
The previous paragraph proved that Q is sequentially compact. Hence it is compact.

In a similar way it is possible to prove similar results for other families S, such as the family of R-fat
rectangles or cubes.

3.D Non-Rectangular Pieces

In the main body of this chapter, the usable pieces were fat rectangles. Interestingly, we can get better re-
sults and simpler procedures by expanding the family of usable pieces to include other 2-fat polygons with
angles that are multiples 45 degrees. We call such polygons 2-FFDPs (2-fat Forty-Five Degree Polygons).21

Our procedure is based on the following geometTric facts:

1. A right-angled isosceles triangle (RAIT) is a 2-FFDP.

21This idea was suggested by Galya Segal-Halevi.
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2. Both a RAIT and a square can be partitioned into two congruent halves, each of which is a RAIT.

3. Each RAIT half in such a partition can be shrunk by translating the division line towards one of the
corners, such that the smaller piece is a RAIT and the larger piece is a 2-FFDP.

We present a procedure for dividing a cake that can be either a RAIT or a square. The procedure
requires that for every agent i: Vi(C) ≥ max(1, 2n− 2). It returns n disjoint 2FFDPs {Xi}n

i=1 such that for
every agent i: Vi(Xi) ≥ 1.

The procedure is developed by induction on the number of agents. When there is a single agent (n = 1),
he can just be given the entire cake, which is a 2FFDP with value at least 1. We now assume that we can
handle any number of agents less than n. Now there are n agents (n ≥ 2), each of whom values C as at
least 2n− 2. We proceed as follows.

(1) Eval auction. Cut C to two congruent RAITs: C′ and C′′:

C′

C′′

C′

C′′

Do an eval auction on C′. Order the agents in a descending order of their bid, V1(C′) ≥ · · · ≥ Vn(C′), and
let n′ be the largest integer with:

Vn′(C′) ≥ max(2n′ − 2, 1)

If n′ = n then all agents value C′ as the entire cake, so the other parts of the cake can be discarded and the
division procedure can start again with C′ as the cake. Hence, we assume that n′ < n. There are two main
cases to consider:

• Easy case: 1 ≤ n′ ≤ n− 2. Make a diagonal guillotine cut between C′ and C′′. Divide C′ recursively
among the n′ winners.

The n− n′ losers value C′ as less than max(2(n′ + 1)− 2, 1) = 2n′, so the value the remainder C′′ as
at least (2n− 2)− 2n′ = 2(n− n′)− 2. Since n− n′ ≥ 2, this value is also larger than 1, so we can
divide C′′ recursively among the n− n′ losers.

• Hard case: n′ = 0. This means that all agents value C′ as less than 1, so they value C′′ as more than
2n− 1.

We have to shrink C′′ towards the corner, until one of the agents decides that it is better to take a
piece outside C′′ and leave C′′ to the remaining n− 1 agents. This solution is implemented using a
mark auction, which is described in step (2) below. But before proceeding there is one more case that
must be handled:

• Mixed case: n′ = n− 1. This is handled according to the bid of the single losing agent (agent n): if
Vn(C′) < 2n− 1, then the losing agent values C′′ as more than 1, so we can proceed as in the Easy
case (the winning agents receive C′ and the losing agent receives C′′). Otherwise, Vn(C′) ≥ 2n− 1,
so all agents value C′ as at least 2n− 1 (because the agents are ordered in descending order of their
bid). Switch the roles of C′ and C′′ and proceed as in the hard case to the next auction.

(2) Mark auction. Ask each agent to mark a 2FFDP with a value fo exactly 1, whose complement is a
RAIT adjacent to the corner of C′:
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The winning bid (marked by thicker dots above) is a 2FFDP. It can be given to the winner, who values it as
exactly 1 so i

The remaining cake is a RAIT and its value for the remaining n − 1 agents is at least V(C) − 1 ≥
2n− 1 ≥ max(2(n− 1)− 2, 1). Divide it recursively among the losers.

This procedure proves:

Claim 3.D.1. For every n ≥ 2:

Prop(RAIT, 2 FFDPs, n) ≥ 1
2n− 2

Prop(Square, 2 FFDPs, n) ≥ 1
2n− 2

The procedure is clearly much simpler than when the pieces must be fat rectangles (as in Subsection
3.5.1) and the proportionality coefficient is better. In other words, it is easier to divide a cake fairly when
45-degree polygons are allowed. This might explain why practical land allocation maps usually contain
more than just rectangles.
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(a) (b) (c)

Figure 4.1: A square land-estate has to be divided between two people. The land-estate is mostly barren,
except for three water-pools (discs). The agents have the same preferences: each agent wants a square
land-plot with as much water as possible. The squares must not overlap. Hence:
(a) It is impossible to give both agents more than 1/3 of the water. Hence:
(b) An envy-free division must give each agent at most 1/3 of the water.
(c) But such a division cannot be Pareto-efficient since it is dominated by a division which gives one agent
1/3 and the other 2/3 of the water.
Hence, a Pareto-efficient envy-free allocation does not exist.

4.1 Introduction

In the previous chapter we focused on a single measure of fairness: proportionality. Our aim was to
guarantee all agents a certain fraction of their total cake value, and we tried to make this fraction as large
as possible.

In the present chapter we add a second measure of fairness: envy-freeness. Our aim now is to make sure
that each agent believes that his/her allocated piece is at least as good as any other piece.

Envy-freeness on its own is trivially satisfied by the empty allocation. The task becomes more interest-
ing when envy-freeness is combined with an efficiency criterion. The most common such criterion is Pareto
efficiency. Indeed, Weller (1985) has proved that, when the agents’ preferences are represented by non-
atomic measures, there always exists a competitive-equilibrium with equal-incomes, and the equilibrium
allocation is both Pareto-efficient and envy-free. However, Weller’s equilibrium allocation gives no guar-
antees about the geometric shape of the allotted pieces. A “piece” in his allocation might even be a union of
a countable number of disconnected cake-bits. So, Weller’s positive result is valid only when the agents’
preferences ignore the geometry of their allotted pieces. While such preferences may make sense when
dividing an actual edible cake, they are not so sensible when dividing land.

Berliant and Dunz (2004) have studied a multi-dimensional cake model. Their results are mostly neg-
ative: when general value measures are combined with geometric preferences, a competitive-equilibrium
might not exist. In fact, even regardless of competitive-equilibrium, a Pareto-efficient-envy-free allocation
might not exist, as we show in Figure 4.1.

Thus, to get an envy-free allocation among agents with geometric preferences, we must replace Pareto-
efficiency with a different efficiency criterion. A natural candidate is proportionality — every agent should
receive at least 1/n of the total cake value. Since with geometric preferences, a proportional division does
not always exist (see Figure 4.1), we relax the proportionality requirement and consider partial proportion-
ality. Partial proportionality means that each agent receives a piece worth at least a fraction p of the total
cake-value, where p is a positive constant, 0 < p ≤ 1/n (see definition in section 2.5 in page 7). Obviously
we would like p to be as large as possible.

In the previous chapter, we showed that partial-proportionality can be attained in various geometric
settings. For example, when there is a square cake and two agents who want square pieces, each agent
can be guaranteed at least a fraction 1/4 of the total cake-value, and this is the largest fraction that can be
guaranteed. However, these results did not consider envy. This raises the following question, which is at
the heart of the present chapter:

When each agent wants a piece with a given geometric shape, what is the largest fraction of the
cake-value that can be guaranteed to every agent in an envy-free allocation?

The following example shows that existing cake-cutting procedures are insufficient for answering this
question.
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Example 4.1.1. You and a partner are going to divide a square land-estate. It is 100-by-100 square meters
and its western side is adjacent to the sea. Your desire is to build a house near the sea-shore. You decide to
use the classic procedure for envy-free division: “You cut, I choose”. You let your partner divide the land
to two plots, knowing that you have the right to choose the plot that is more valuable according to your
personal preferences. Your partner makes a cut parallel to the shoreline at a distance of only 1 meter from
the sea. 1 Which of the two plots would you choose? The western plot contains a lot of sea shore, but it is
so narrow that it has no room for building anything. On the other hand, the eastern plot is large but does
not contain any shore land. Whichever plot you choose, the division is not proportional for you, because
your utility is far less than half the utility of the original land estate.

Of course the cake could be cut in a more sensible way (e.g. by a line perpendicular to the sea), but
the current division procedures say nothing about how exactly the cake should be cut in each situation in
order to guarantee that the division is fair in a way that respects the geometric preferences. While the cut-
and-choose procedure still guarantees envy-freeness, it does not guarantee partial-proportionality since it
does not guarantee any positive utility to agents who want square pieces.

This paper presents cake-cutting procedures that guarantee both envy-freeness and partial-proportionality.
Our procedures focus on agents who want fat pieces — pieces with a bounded length/width ratio, such as
squares (see definition in subsection 2.6 on page 8). The rationale is that a fat shape is more convenient to
work with, build on, cultivate, etc.

4.1.1 Results

We prove that envy-freeness and partial-proportionality are compatible in progressively more general geo-
metric scenarios. Our proofs are constructive: in every geometric scenario (geometric shape of the cake and
preferred shape of the pieces), we present a procedure that divides the cake with the following guarantees:

• Envy-freeness: every agent weakly prefers his/her allotted piece over the piece given to any other
agent.

• Partial-proportionality: every agent receives a piece worth for him at least a fraction p of his total
cake-value, where p is a positive constant that depends on the geometric requirements.

In the following theorems, the partial-proportionality guarantee p is given in parentheses.

Theorem 4.1. When dividing a cake to two agents, there is a procedure for finding an envy-free and partially-
proportional allocation in the following cases:

(a) The cake is square and the usable pieces are squares (p ≥ 1/4).
(b) The cake is an R-fat rectangle and the usable pieces are R-fat rectangles, where R ≥ 2 (p ≥ 1/3).
(c) The cake is an arbitrary R-fat object and the pieces are 2R-fat, where R ≥ 1 (p ≥ 1/2).

Value-shape trade-off: Theorem 4.1 illustrates a multiple-way trade-off between value and shape. Con-
sider two agents who want to divide a square land-estate with no envy. They have the following options:

• By projecting a 1-dimensional division obtained by any classic cake-cutting procedure, they can
achieve a proportional allocation (a value of at least 1/2) with rectangular pieces but with no bound
on the aspect ratio — the pieces might be arbitrarily thin.

• By (a), they can achieve an allocation with square pieces but only partial proportionality — the pro-
portionality might be as low as 1/4.

• By (b), they can achieve a proportionality of 1/3 with 2-fat rectangles, which is a compromise between
the previous two options.

• By (c), they can achieve an allocation that is both proportional and with 2-fat pieces, but the pieces
might be non rectangular.

1The reason why he decided to cut this way is irrelevant since a fair division procedure is expected to guarantee that the
division is fair for every agent playing by the rules, regardless of what the other agents do.
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The proportionality constants in Theorem 4.1 are tight in the following sense: it is not possible to guaran-
tee an allocation with a larger proportionality, even if envy is allowed. This means that envy-freeness is
compatible with the largest possible proportionality — we don’t have to compromise on proportionality to
prevent envy.

Our second theorem extends these results to any number of agents.

Theorem 4.2. When dividing a cake to n agents, there is a procedure for finding an envy-free and partially-
proportional allocation in the following cases:

(a) The cake is square and the usable pieces are squares (p ≥ 1/(4n2)).
(b) The cake is an R-fat rectangle and the usable pieces are R-fat rectangles, where R ≥ 1 (p ≥ 1/(4n2)).
(c) The cake is a d-dimensional R-fat object and the pieces are dn1/deR-fat,2 where d ≥ 2 and R ≥ 1 (p ≥ 1/n).

Value-shape trade-off: Part (a) and part (c) are duals in the following sense:

• Part (a) guarantees an envy-free division with perfect pieces (squares) but compromises on the pro-
portionality level;

• Part (c) guarantees an envy-free division with perfect proportionality (1/n) but compromises on the
fatness of the pieces.

The “magnitude” of the first compromise is 4n, since the proportionality drops from 1/n to 1/(4n2). We
do not know if this magnitude is tight: we know that it is possible to attain a division with square pieces
and a proportionality of 1/O(n) which is not necessarily envy-free Segal-Halevi et al. (2017), but we do not
know if a proportionality of 1/O(n) is compatible with envy-freeness.

The “magnitude” of the second compromise is dn1/de. This magnitude is asymptotically tight. We
prove that, in order to guarantee a proportional division of an R-fat cake, with or without envy, we must
allow the pieces to be Ω(n1/d)R-fat.

4.1.2 Related Work

(See also the Related Work subsection in the previous chapter, page 14).
The main challenge in two-dimensional cake-cutting is that utility functions that depend on geometric

shape are not additive. For example, consider an agent who wants to build a square house the utility of
which is determined by its area. The utility of this agent from a 20 × 20 plot is 400, but if this plot is
divided to two 20× 10 plots, the utility from each plot is 100 and the sum of utilities is only 200. Most
existing procedures for proportional cake-cutting assume that the valuations are additive, so they are not
applicable in our case. While there are some previous works on cake-cutting with non-additive utilities,
they too cannot handle geometric constraints:

• Berliant et al. (1992); Maccheroni and Marinacci (2003) focus on sub-additive, or concave, utility func-
tions, in which the sum of the utilities of the parts is more than the utility of the whole. These utility
functions are inapplicable in our scenario because, as illustrated in the previous paragraph, utility
functions that consider geometry are not necessarily sub-additive — the sum of the utilities of the
parts might be less than the utility of the whole.

• Dall’Aglio and Maccheroni (2009) do not explicitly require sub-additivity, but they require preference
for concentration: if an agent is indifferent between two pieces X and Y, then he prefers 100% of X to
50% of X plus 50% of Y. This axiom may be incompatible with geometric constraints: the agent in the
above example is indifferent between the two 20× 10 rectangles, but he prefers 50% of their union
(the 20× 20 square) to 100% of a single rectangle.3

• Sagara and Vlach (2005); Hüsseinov and Sagara (2013) consider general non-additive utility functions
but provide only non-constructive existence proofs.

• Su (1999); Caragiannis et al. (2011); Mirchandani (2013) provide practical division procedures for
non-additive utilities, but they crucially assume that the cake is a 1-dimensional interval and cannot
handle two-dimensional constraints.

2dxe denotes the ceiling of x — the smallest integer which is larger than x.
3We are grateful to Marco Dall’Aglio for his help in clarifying this issue.
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Cake Pieces Agents Impossibility Possibility
Square Squares 2 1/4 1/4

R-fat rectangle R-fat rectangles (R ≥ 2) 2 1/3 1/3
R-fat object 2R-fat objects 2 1/2 1/2

Square Squares n 1/(2n) 1/(4n2)
R-fat rectangle R-fat rectangles n 1/(2n− 1) 1/(4n2)

R-fat object dn1/deR-fat objects n 1/n 1/n

Table 4.1: Summary of results for geometric envy-free division: upper and lower bounds on the level of
attainable proportionality.

When envy-free division protocols are applied to agents with non-additive utility functions, the division
is still envy-free, but the utility per agent might be arbitrarily small. This is true for cut-and-choose (as
shown in Example 4.1.1 above) and it is also true for all other procedures for envy-free division that we
are aware of (Stromquist (1980); Brams and Taylor (1995); Reijnierse and Potters (1998); Su (1999); Barbanel
and Brams (2004); Manabe and Okamoto (2010); Cohler et al. (2011); Deng et al. (2012); Kurokawa et al.
(2013); Chen et al. (2013); Aziz and Mackenzie (2016)).

Our way to cope with this challenge is to explicitly handle the geometric constraints in the procedures.
The main tool we use is the geometric knife function.

Moving-knife procedures have been used for envy-free cake-cutting since its earliest years (Dubins and
Spanier, 1961; Stromquist, 1980; Brams et al., 1997; Saberi and Wang, 2009). For example, consider the
following simple procedure for envy-free division among two agents. A referee moves a knife slowly over
the cake, from left to right. Whenever an agent feels that the piece to the left of the knife is worth for him
exactly half the total cake value, he shouts "stop!". Then, the cake is cut at the current knife location, the
shouter receives the piece to its left and the non-shouter receives the piece to its right.

In this paper we formalize the notion of a knife and add geometric constraints guaranteeing that the
final pieces have both the desired geometric shape and a sufficiently high value.

4.2 Model

We briefly recall some terminology from Chapter 2 (see there for formal definitions).

• C is the cake to be divided. In this chapter it will be a square or a fat object in Rd.

• S is the family of pieces that are considered usable. An S-piece is an element of S. In this chapter it will
be the family of squares or of fat objects.

• For each agent i ∈ {1, . . . , n}, Vi(Xi) is agent i’s value-measure of the piece Xi.

• For each agent i ∈ {1, . . . , n}, VS
i (Xi) is agent i’s utility of the piece Xi. It is the value-measure of the

most valuable S-piece contained in Xi.

When the utilities of all agents are determined by S-value functions, we can restrict our attention to alloca-
tions in which each agent receives an S-piece. An S-allocation is a vector of n S-pieces X = (X1, ..., Xn), one
piece per agent, such that the Xi are pairwise-disjoint and their union is contained in C.

An S-allocation X is called envy-free if the utility of an agent from his allocated S-piece is at least as large
as his utility from every piece allocated to another agent:

∀i, j ∈ {1, ..., n} : VS
i (Xi) ≥ VS

i (Xj)

In addition to envy-freeness, an allocation is assessed by the the fraction of the total cake value that is given
to each agent. An allocation is called proportional if every agent receives a piece worth for him at least 1/n
of the total cake value. Since a proportional S-allocation does not always exist (see e.g. Figure 4.1), we
define:

Definition 4.2.1. For a cake C, a family of usable pieces S and an integer n ≥ 1, the envy-free proportion-
ality of C, S and n, marked PropEF(C, S, n), is the largest fraction p ∈ [0, 1] such that, for every set of n
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value measures (Vi, ..., Vn), there exists an envy-free S-allocation (X1, ..., Xn) for which: 4

∀i :
Vi(Xi)

Vi(C)
≥ p

This is very similar to the definition of Prop(C, S, n) - Definition 3.2.1 on page 16. The only difference is
that in Prop(C, S, n), the supremum is taken over all allocations, and in PropEF(C, S, n), the supremum is
taken only on envy-free allocations. Obviously, because the supremum in PropEF(C, S, n) is taken over a
smaller set:

∀C, n, S : PropEF(C, S, n) ≤ Prop(C, S, n)

This means that, in theory, if we want to guarantee that there is no envy, we may have to "pay" in terms of
proportionality. One of the goals of the present research is to study if and how much we may have to pay.

Classic cake-cutting results imply that for every cake C:

Prop(C, All, n) = PropEF(C, All, n) = 1/n

where All is the collection of all pieces. That is: when there are no geometric constraints, every cake can be
divided among every group of n agents in an envy-free allocation in which the utility of each agent is at
least 1/n.

Our challenge in the rest of this paper will be to establish bounds on PropEF(C, S, n) for various com-
binations of C and S. All our possibility results (lower bounds) are on PropEF(C, S, n) and therefore are
also valid for Prop(C, S, n). Similarly, all the impossibility results (upper bounds) proved in section 3.3 on
page 16 are for Prop(C, S, n) and therefore are also valid for PropEF(C, S, n).

4.3 Geometric Preliminaries

Example 4.1.1 illustrates that, in order to achieve a fair division that respects the geometric preferences, we
should constrain the ways in which agents are allowed to cut the cake. This requires several definitions of
geometric concepts, which are the topic of the present section.

4.3.1 Geometric loss

A key geometric concept in our analysis is the geometric loss — the maximum factor by which the utility of
an agent can be reduced by his insistence on using pieces only from family S.

Definition 4.3.1. For a piece C and family of usable pieces S, the geometric loss factor of C relative to S is:

Loss(C, S) := sup
V

V(C)
VS(C)

where the supremum is over all finite absolutely-continuous value measures V having VS(C) > 0. If there
is no supremum, then we write Loss(C, S) = ∞.

When C ∈ S the loss is 1, which means is no loss, since in this case VS(C) = V(C). When C /∈ S, the
loss is generally larger than 1. For example, if C is a 30-by-20 rectangle. The largest square contained in C is
20-by-20. Hence, if the value density is uniform over C (as in Figure 4.2/a), then V(C)

VS(C) =
600
400 = 3

2 , implying
that Loss(C, Squares) ≥ 3/2. But the loss may be larger: suppose V is uniform over the right and left sides
of C (as in Figure 4.2/b). In this case V(C)

VS(C) = 2, implying that Loss(C, Squares) ≥ 2. As we will see in
Subsection 4.3.3, the loss in this case is exactly 2, and in general the loss of a rectangle with a length/width
ratio of L is dLe; a thinner rectangle has a larger loss.

For some combinations of C and S, the geometric loss factor might be infinite. For example, if C is a
circle and that V is nonzero only in a very narrow strip near the perimeter (as in Figure 4.2/c), any square

4Shortly: PropEF(C, S, n) = infV supX mini Vi(Xi)/Vi(C), where the infimum is on all combinations of n value measures
(V1, ..., Vn), the supremum is on all envy-free S-allocations (X1, ..., Xn) and the minimum is on all agents i ∈ {1, ..., n}.
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a. V(C)
VS(C) =

3
2

Loss(C, S) ≥ 3
2

b. V(C)
VS(C) = 2

Loss(C, S) = 2
c. V(C)

VS(C) unbounded

Loss(C, S) = ∞

Figure 4.2: Geometric loss factors relative to the family of squares.

contained in C intersects the valuable strip only in the corners. and the intersection might be arbitrarily
small. Hence, VS(C) might be arbitrarily small and Loss(C, Squares) = ∞.

4.3.2 Chooser Lemma

We now relate the geometric loss factor to cake partitions. Our goal is to prove that, if a cake is partitioned
such that the sum of the geometric losses of its parts is sufficiently small, then an agent can choose at least
one part with a large value. Formally:

Lemma 4.3.2. For every cake C, integer m, partition X1 t · · · t Xm = C, family S and value measure V:

∃j : VS(Xj) ≥
V(C)

∑m
i=1 Loss(Xi, S)

Proof. Denote the denominator in the right-hand side by:

Loss(X, S) :=
m

∑
i=1

Loss(Xi, S)

By additivity of V:

m

∑
i=1

V(Xi) = V(C) (4.1)

Multiply both sides of (4.1) by the Loss(X, S) = ∑m
i=1 Loss(Xi, S):

m

∑
i=1

V(Xi) · Loss(X, S) =
m

∑
i=1

Loss(Xi, S) ·V(C)

By the pigeonhole principle, at least one of the m summands in the left-hand side must be greater than or
equal to the corresponding summand in the right-hand side. I.e., there exists j for which:

V(Xj) · Loss(X, S) ≥ Loss(Xj, S) ·V(C)

By Definition 4.3.1 and the definition of supremum, for every value measure V:

Loss(Xj, S) ≥ V(Xj)

VS(Xj)

Combining the above two inequalities yields:

V(Xj) · Loss(X, S) ≥ V(Xj) ·V(C)
VS(Xj)
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which is equivalent to:

VS(Xj) ≥
V(C)

Loss(X, S)

Motivated by the Chooser Lemma and its proof, we define the expression Loss(X, S) := ∑m
i=1 Loss(Xi, S)

as the geometric loss of the partition X. The Chooser Lemma implies that smaller geometric-loss is better for
the chooser. This is easy to see in Example 4.1.1, where a 100-by-100 land-estate is divided using cut-and-
choose:

• A partition to 100-by-1 and 100-by-99 rectangles has a geometric loss of 102 (the loss of the 100-by-1
sliver is 100 and the loss of the 100-by-99 rectangle is 2). Hence, the utility guarantee for a chooser
who wants square pieces is only 1/102.

• In contrast, a partition to two 100-by-50 rectangles has a geometric loss of 4 (2+2). By Lemma 4.3.2,
the chooser can always get a square with a utility of at least 1/4.

We will often use this simple implication of the Chooser Lemma:

Corollary 4.3.3 (Chooser Corollary). Suppose a cake-partition has a geometric loss of at most M. Each of two
agents chooses a best piece, and the choices are different. Then the resulting allocation is envy-free, and each agent’s
value is at least 1/M of the total cake-value.

4.3.3 Cover Numbers and Cover Lemma

Since smaller geometric loss is better, it is useful to have an upper bound on the geometric loss. Our upper
bound uses the Cover Number — see Definition 3.4.3 on page 26.

Lemma 4.3.4. For every cake C and family S:

Loss(C, S) ≤ CoverNum(C, S)

Proof. Let m = CoverNum(C, S). By definition of CoverNum, there are m S-pieces X1, ..., Xm, possibly
overlapping, that cover the cake C:

X1 ∪ X2 ∪ ...∪ Xm = C

Let V be any value measure. By additivity:

V(X1) + V(X2) + ... + V(Xm) ≥ V(C)

By the pigeonhole principle, there is at least one piece Xi ∈ S with:

V(Xi) ≥ V(C)/m

On the other hand, since Xi is an S-piece contained in C, its value is bounded by the supremum VS:

VS(C) ≥ V(Xi)

Combining the above two inequalities yields:

VS(C) ≥ V(C)/m

Combining this into the definition Loss(C, S) = supV
V(C)
VS(C) , yields:

Loss(C, S) ≤ sup
V

V(C)
V(C)/m

= sup
V

m = m
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Loss(KC , Rectangles) = 2
a. Loss(KC , Squares) = ∞

Loss(KC , Rectangles) = 4
b. Loss(KC , Squares) = 4

b

Loss(KC , Rectangles) = 3
c. Loss(KC , Squares) = 3

Loss(KC , Rectangles) = 3
d. Loss(KC , Squares) = 4

Loss(KC , Rectangles) = 3
e. Loss(KC , Squares) = ∞

Figure 4.3: Several knife functions. The area filled with horizontal lines marks KC(t) in a certain interme-
diate time t ∈ (0, 1). Dotted lines mark future knife locations.

By Definition 4.3.1, for every value measure V: VS(C) ≥ V(C)
Loss(C,S) . By Lemma 4.3.4, this implies VS(C) ≥

V(C)
CoverNum(C,S) . Thus, for example, in the 30 × 20 rectangle of Figure 4.2, CoverNum(C, Squares) = 2 so

Loss(C, Squares) ≤ 2 so VS(C) ≥ V(C)/2. This means that every agent, with any value measure, can get
from C a utility of at least half its total value.

4.3.4 Knife functions

Moving knives have been used to cut cakes ever since the seminal paper of Dubins and Spanier (1961). We
generalize the concept of a moving knife to handle geometric shape constraints.

Definition 4.3.5. Given a cake C, a knife function on C is a function KC from the real interval [0, 1] to pieces
of C with the following monotonicity property: for every t′ ≥ t, KC(t′) ⊇ KC(t).

If KC(0) = C0 and KC(1) = C1, where C0 ⊆ C1 ⊆ C, we say that KC is a knife function from C0 to C1.
The complement of KC, marked KC, is defined by:

KC(t) := C \ KC(t)

Some examples are shown in Figure 4.3.
A knife function KC on a cake C can be used to attain an envy-free division of C between two agents:

Generic Knife Procedure
Each agent i ∈ {A, B} selects a time ti ∈ [0, 1] such that:

VS
i (KC(ti)) = VS

i (KC(ti))

Rename the agents, if needed, such that tA ≤ tB.
Select any time t∗ ∈ [tA, tB].
Give KC(t∗) to agent A and KC(t∗) to agent B.

This procedure obviously generates an envy-free division, since it gives to each agent a piece worth for
him at least as much as the other piece. The challenge is in the first step: we must be sure that each agent
i can, indeed, select a time ti such that the S-values on both sides of the knife are equal. This requires that
both VS

i (KC(t)) and VS
i (KC(t)) change continuously as a function of t. Hence, we define:

Definition 4.3.6. Given a family S of usable shapes, a knife-function K is called S-good if for every absolutely-
continuous value-measure V, both VS(K(t)) and VS(K(t)) are continuous functions of t.
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How can we find S-good knife-functions? In Appendix 4.A, we define two different properties of knife-
functions, each of which is a sufficient condition for S-goodness:

• S-smoothness means that the Lebesgue measure of K(t) is a continuous function of t, and that both
K(t) ∈ S and K(t) ∈ S. For example, the knife-function in Figure 4.3/a is rectangle-smooth (but not
square-smooth).

• S-continuity means (informally) that all S-pieces in K(t) grow continuously and all S-pieces in K(t)
shrink continuously; no S-piece with a positive area is created abruptly in K(t) and no S-piece with
a positive area is destroyed abruptly in K(t). All knife-functions in Figure 4.3 are square-continuous
(and also rectangle-continuous).

See Appendix 4.A for formal definitions, proofs and additional examples.
With an S-good knife, the Generic Knife Procedure can be executed:

Lemma 4.3.7. Let C be a cake and C0, C1 pieces such that: C0 ⊆ C1 ⊆ C. Let KC be an S-good knife-function from
C0 to C1. Assume that an agent has a value function V such that:

• VS(C0) ≤ VS(C \ C0)

• VS(C1) ≥ VS(C \ C1)

Then there exists a time ti ∈ [0, 1] in which the utilities on both sides of the knife are equal:

VS(KC(ti)) = VS(KC(ti))

Proof. When t = 0:
VS(KC(t)) = VS(C0) ≤ VS(C \ C0) = VS(KC(t))

and when t = 1:
VS(KC(t)) = VS(C1) ≥ VS(C \ C1) = VS(KC(t))

Since KC is S-good, by Definition 4.3.6 both VS(KC(t)) and VS(KC(t)) are continuous functions of t. Hence
the lemma follows from the intermediate value theorem.

4.3.5 Geometric loss of knife functions

When a knife function KC is “stopped” at a certain time t ∈ [0, 1], it induces a partition of the cake C to
the part which was already covered by the knife, KC(t), and the part not covered, KC(t). Based on this
partition, the geometric loss of the knife can be defined:

Definition 4.3.8. Let C be a cake, KC a knife function on C and S a family of pieces. Define the geometric
loss of KC as:

Loss(KC, S) = sup
t∈[0,1]

(
Loss(KC(t), S) + Loss(KC(t), S)

)

Whenever a knife is stopped, the resulting partition has a geometric loss of at most Loss(KC, S). There-
fore, we can expect such a knife to be useful for fairly dividing a cake among agents who want S-pieces.

Recall that the smallest possible Loss of a single piece is 1 (which means "no loss"); hence the smallest
possible loss of a knife function is 1+1=2. Some examples are illustrated in Figure 4.3, from left to right:

(a) Let C = [0, L] × [0, 1] and KC(t) = [0, L] × [0, t]. Both KC(t) and its complement are rectangles
so their geometric loss relative to the family of rectangles is 1. Hence Loss(KC, Rectangles) = 1 + 1 =
2. In contrast, the geometric loss of these rectangles relative to the family of squares is unbounded, so:
Loss(KC, Squares) = ∞.

(b) Let C = [0, 1]× [0, 1] and KC(t) = [0, t]× [0, t] ∪ [1− t, 1]× [1− t, 1]. For every t, KC(t) is a union of
two squares and its complement is also a union of two squares. By the Cover Lemma, each such union has
a geometric loss of 2 (relative to the family of squares). Hence, Loss(KC, Squares) = 2 + 2 = 4.

(c) Let C be the top-right quarter-plane and S the family of squares and quarter-planes (we consider
a quarter-plane to be a square with infinite side-length). Define: KC(t) = [0, x/(1− x)] × [0, x/(1− x)].
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KC(t) is a square and its complement can be covered by two quarter-planes, so the geometric loss of KC is
1+2=3.

(d) Let C = [0, 2]× [0, 2] and KC(t) = [0, t]× [0, t]. Note that KC(0) = ∅ and KC(1) = [0, 1]× [0, 1] =
the bottom-left quarter of C. For every t, KC(t) is a square and its complement is an L-shape, similar to the
L-shapes in Figure 3.6, which can be covered by 3 squares. Hence, Loss(KC, Squares) = 3 + 1 = 4.

(e) Let C = [0, 2]× [0, 2], C1 = C \ [0, 1]× [0, 1] (an L-shape), and KC(t) = C1 ∩ ([0, 2]× [0, t/2]). This is
a knife-function from ∅ to C1; it covers C1 continuously from bottom to top. The partition can be covered
by at most 2+1=3 rectangles, but its square-loss is not bounded.

Lemma 4.3.9. (Knife Lemma) Let C be a cake and C0, C1 pieces such that: C0 ⊆ C1 ⊆ C. Let KC be an S-good
knife-function from C0 to C1. If there are two agents and for every agent i:

- VS
i (C0) ≤ VS

i (C \ C0) and
- VS

i (C1) ≥ VS
i (C \ C1),

then C can be divided using the Generic Knife Procedure (see Subsection 4.3.4) and every agent playing by the rules
is guaranteed an envy-free share with a utility of at least:

max
(

VS
i (C0), VS

i (C \ C1),
1

Loss(KC, S)

)

Proof. Consider an agent, say Alice, who plays by the rules and declares a time tA for which VS
A(KC(tA)) =

VS
A(KC(tA)). Denote this equal utility by U. There are two cases: if tA ≤ t∗ ≤ tB, then Alice receives

KC(t∗), which contains KC(tA). Otherwise, tB ≤ t∗ ≤ tA, and Alice receives KC(t∗), which contains KC(tA)
(because KC is monotonically increasing). In both cases, Alice feels no envy and receives a utility of at least
U. This utility is bounded from below in three ways:

(a) U ≥ VS(C0), because the piece KC(ti) contains C0.
(b) U ≥ VS(C \ C1), because the complement piece KC(ti) contains C \ C1.
(c) U ≥ 1/Loss(KC, S) by the Chooser Lemma, since the loss of the partition is at most Loss(KC, S).

Note that the Generic Knife Procedure is discrete: it does not need to continuously move the knife until
an agent shouts “stop”; the agents are asked in advance in what time they would like to “stop the knife”.

The Chooser Lemma and the Knife Lemma are the main tools we use to construct division procedures.

4.4 Envy-Free Division for Two Agents

4.4.1 Squares and rectangles

Our first generic envy-free division procedure is based on a single knife function.

Lemma 4.4.1. (Single Knife Procedure). Let C be a cake, S a family of pieces and M ≥ 2 an integer. If there exists
an S-good knife-function KC from ∅ to C with

Loss(KC, S) ≤ M,

then

PropEF(C, S, 2) ≥ 1/M.

Proof. The cake can be divided using the Generic Knife Procedure, taking C0 = ∅ and C1 = C. The
assumptions of the Knife Lemma (4.3.9) hold trivially because C0 = C \ C1 = ∅. Hence each agent playing
by the rules receives an envy-free share worth at least 1/M.

The knife function in Figure 4.3/b is Square-good and its Square-loss is 4. Applying Lemma 4.4.1 to
that knife function yields our first sub-theorem:

Theorem 4.1(a).. PropEF(Square, Squares, 2) ≥ 1/4
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The generality of Lemma 4.4.1 allows us to get more results with no additional effort. For example:

• By the knife function of Figure 4.3/b: PropEF(Square, Square pairs, 2) ≥ 1/2. I.e., if each agent has
to receive a union of two squares (as is common when dividing land to settlers, e.g. one land-plot for
building and another one for agriculture, etc.), then a proportional division is possible since the knife
function in example (b) has a geometric loss of 2 relative to the family of square pairs.

• By Figure 4.3/c: PropEF(Quarter Plane, Generalized Squares, 2) ≥ 1/3.

All bounds presented above are tight in the strong sense stated in the introduction, i.e., it is not possible
to guarantee both agents a larger utility even if envy is allowed. This is obvious for the ≥ 1/2 results, since
a proportionality of 1/n is the best that can be guaranteed to n agents. For the other results, the matching
upper bounds are proved in Section 3.3 on page 16.

4.4.2 Cubes and archipelagos

In some cases it may be difficult to find a single knife function that covers the entire cake. This is so, for
example, when the cakes are multi-dimensional cubes or unions of disjoint squares. To handle such cases,
the following lemma suggests a generalized division procedure employing several knife functions.

Lemma 4.4.2. (Single Partition Procedure). Let C be a cake, S a family of pieces and M ≥ 2 an integer such that:
(a) C has a partition with a geometric loss of at most M:

m⊔

j=1

Cj = C

m

∑
j=1

Loss(Cj, S) ≤ M

(b) For every j, there are S-good knife functions from ∅ to Cj and from ∅ to Cj (where Cj := C \ Cj).
(c) For every part Cj, the geometric loss of the knife-function on Cj is at most M:

∀j : Loss(KCj , S) ≤ M

Then:

PropEF(C, S, 2) ≥ 1/M

Proof. C can be divided using the following procedure.
(1) Each agent chooses the part Cj that gives him maximum utility. If the choices are different, then by

the Chooser Corollary and condition (a), each agent receives an envy-free share worth at least 1/M, so we
are done

(2) If both agents chose the same part Cj, then ask each agent to choose either Cj or Cj (where Cj :=
C \ Cj). If the choices are different, then by the Chooser Corollary and condition (a), each agent receives an
envy-free share worth at least 1/M, so we are done. If the choices are identical then there are two cases:

(3-a) Both agents chose Cj. By condition (c), there exists a knife function KCj from ∅ to Cj with a
geometric loss of at most M. Apply the Generic Knife Procedure with that knife function. The requirements
of the Knife Lemma (4.3.9) are satisfied since for both agents, VS

i (∅) ≤ VS
i (C \∅) (trivially) and VS

i (Cj) ≥
VS

i (C \ Cj) (both agents preferred Cj to Cj). Hence, the Knife Lemma guarantees each agent an envy-free
share worth at least 1/Loss(KCj , S) ≥ 1/M.

(3-b) Both agents chose Cj. By condition (b), there exists a knife function KCj
from ∅ to Cj. There is no

guarantee about the geometric loss of KCj
, but this is fine since we will not use its geometric loss below.

Apply the Generic Knife Procedure. The requirements of the Knife Lemma (4.3.9) are met since for both
agents, VS

i (∅) ≤ VS
i (C \ ∅) (trivially) and VS

i (Cj) ≥ VS
i (C \ Cj) (both agents preferred Cj over Cj). The

Knife Lemma guarantees each agent an envy-free share with a utility of at least VS
i (C \ Cj) = VS

i (Cj). The
fact that in step (2) both agents chose Cj implies, by the Chooser Lemma, that ∀i : VS

i (Cj) ≥ 1/M.
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Figure 4.4: (a) A cake made of a union of 3 disjoint rectangles.
(b) Three knife functions, each having a geometric loss of at most 4, proving that
PropEF(C, rectangles, 2) ≥ 1/4.

Several applications of Lemma 4.4.2 are presented below.
(a) PropEF(Square, Squares, 2) ≥ 1/4. Proof : A square cake can be partitioned to a 2-by-2 grid of

squares. The loss of the partition relative to the family of squares is 4, satisfying condition (a). Each quarter
Cj has a knife-function with a loss of 4 (see Figure 4.3/d), satisfying condition (c). For each complement
Cj, we can use e.g. a sweeping-line knife-function, as illustrated in Figure 4.3/e (see Lemma 4.A.7 in the
appendix for a proof that such functions are S-good), satisfying condition (b).

The advantage of this result over the identical result presented in the previous subsection is that it can
be easily generalized to higher dimensions:

(b) Multi-dimensional cakes: PropEF(d dimensional cube, Squares, 2) ≥ 1/2d. Proof : C can be parti-
tioned to 2d sub-cubes of equal side-length. For each sub-cube Cj there is a knife function analogous to
Figure 4.3/d — a cube growing from the corner towards the center of C. Its geometric loss is 2d. For
each complement Cj, there is a sweeping-plane knife-function (analogous to Figure 4.3/e, as described in
Lemma 4.A.7).

(c) Archipelagos: Let C be an archipelago which is a union of m disjoint rectangular islands. Then
PropEF(C, Rectangles, 2) ≥ 1

m+1 . Proof : The geometric loss of the partition of C to m rectangles is obviously
m < m + 1, satisfying condition (a). For each part Cj, define a knife function KCj based on a line sweeping
from one side of the rectangle to the other side, similar to Figure 4.3/a. KCj(t) is always a rectangle.
Its complement can be covered by m rectangles: one rectangle to cover Cj \ KCj(t) and additional m − 1
rectangles to cover C \ Cj. Hence the geometric loss of every KCj is 1 + 1 + m − 1 = m + 1, satisfying
condition (c) (see Figure 4.4). A similar sweeping-line knife-function can be used for the complements,
satisfying condition (b).

(d) Let C be an archipelago which is a union of m disjoint square islands. Then PropEF(C, Squares, 2) ≥
1

m+3 . The proof is the same as in (c), the only difference being that each of the knife functions on the Cj is a
union of two squares, similar to Figure 4.3/b.

All bounds proved above are tight. The tightness of (a) is proved in Section 3.3. The tightness of (b)
can be proved by an analogous d-dimensional cake, with a water-pool in each of its 2d corners. (c) is tight
in the following sense: for every m there is a cake C, which is a union of m disjoint rectangles, having
Prop(C, Rectangles, 2) ≤ 1

m+1 . (d) is tight in a similar sense by a similar proof.

4.4.3 Fat rectangles

More types of cakes can be handled by adding partition steps.

Lemma 4.4.3. (Multiple Partition Procedure). Let C be a cake, S a family of pieces and M ≥ 2 an integer such
that:

(a) C has a partition C1, . . . , Cm with a geometric loss of at most M:

m⊔

j=1

Cj = C

m

∑
j=1

Loss(Cj, S) ≤ M
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Figure 4.5: A knife function with a geometric loss of 3, proving that PropEF(C, 2 f at rectangles, 2) ≥ 1/3.

(b) Every part Cj can be further partitioned such that, if Cj is replaced with its partition, then the geometric loss
of the resulting partition of C is at most M, i.e. for every j there exist C1

j , . . . , C
mj
j with:

mj⊔

k=1

Ck
j = Cj

∑
j′ 6=j

Loss(Cj′ , S) +
mj

∑
k=1

Loss(Ck
j , S) ≤ M

(c) For every j, k, there are S-good knife functions from ∅ to Cj and to Cj and to Ck
j and to Ck

j .
(d) For every j, k, the geometric loss of the knife function from ∅ to Ck

j is at most M:

∀j, k : Loss(KCk
j
, S) ≤ M

Then:

PropEF(C, S, 2) ≥ 1/M

Proof. The proof uses a refinement of the procedure used to prove Lemma 4.4.2. Steps (1) and (2) and (3-b)
are exactly the same. We have to refine case (3-a), in which both agents prefer Cj over Cj.

(3-a-1) Refine the partition of C by replacing Cj with its sub-partition:

(
⊔

j′ 6=j

Cj′) t (

mj⊔

k=1

Ck
j ) = C

Let each agent choose a best part from this refined partition. If the choices are different, then by condition
(b) and the Chooser Corollary, each agent receives an envy-free share worth at least 1/M.

(3-a-2) If both agents chose the same part from the main partition, e.g. Cj′ for some j′ 6= j, then by
condition (c) there exists a knife-function from ∅ to Cj (the part chosen by both agents at step 2). Apply the
Generic Knife Procedure. The requirements of the Knife Lemma (4.3.9) are satisfied since for both agents,
VS

i (∅) ≤ VS
i (C \ ∅) (trivially) and VS

i (Cj) ≥ VS
i (C \ Cj) (both agents prefer Cj to Cj). The Knife Lemma

guarantees each agent an envy-free share with utility at least VS
i (Cj). This Cj contains all other parts of

the main partition, including Cj′ . The fact that both agents chose Cj′ in the refined partition proves, by the
Chooser Lemma, that VS

i (Cj′) ≥ 1/M. Hence also VS
i (Cj) ≥ 1/M.

(3-a-3) If both agents chose the same part from the sub-partition, e.g. Ck
j for some k, then ask each agent

to choose either Ck
j or Ck

j (where Ck
j := C \ Ck

j ). If the choices are different, then by condition (b) and the
Chooser Corollary, each agent receives an envy-free share worth at least 1/M. If the choices are identical
then there are two cases:

(3-a-4-a) Both agents chose Ck
j . By condition (d), there exists a knife function KCk

j
from ∅ to Ck

j with a

geometric loss of at most M. Apply the Generic Knife Procedure with that knife function. The requirements
of the Knife Lemma (4.3.9) are satisfied since for both agents, VS

i (∅) ≤ VS
i (C \∅) (trivially) and VS

i (C
k
j ) ≥

VS
i (C \Ck

j ) (both agents preferred Ck
j over Ck

j ). Hence, the Knife Lemma guarantees each agent an envy-free
share worth at least 1/Loss(KCk

j
, S) ≥ 1/M.
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(3-a-4-b) Both agents chose Ck
j . By condition (c), there exists an S-good knife function from ∅ to Ck

j .
Apply the Generic Knife Procedure. The requirements of the Knife Lemma (4.3.9) are met since for both
agents, VS

i (∅) ≤ VS
i (C \ ∅) (trivially) and VS

i (C
k
j ) ≥ VS

i (C \ Ck
j ) (both agents preferred Ck

j over Ck
j ). The

Knife Lemma guarantees each agent an envy-free share with utility at least VS
i (C \ Ck

j ) = VS
i (C

k
j ). The fact

that in step (3-a-2) both agents chose Ck
j implies, by the Chooser Lemma, that VS

i (C
k
j ) ≥ 1/M.

Lemma 4.4.3 is used to get the second part of our Theorem 4.1:

Theorem 4.1(b). For every R ≥ 2:

PropEF(R f at rectangle, R f at rectangles, 2) ≥ 1/3

Proof. The proof relies on the following geometric fact: for every R ≥ 2, an R-fat rectangle can be bisected
to two R-fat rectangles using a straight line through the center of its longer sides (see Figure 4.5).

Apply Lemma 4.4.3 in the following way. Let C be an R-fat rectangle. Partition C in the middle of
its longer side. The two halves are R-fat so the geometric loss of the partition is 1 + 1 < 3, satisfying
condition (a). Each half can be further partitioned along its longer side to two rectangles, which are also
R-fat (each of these is exactly one quarter of C). When a part is replaced by its sub-partition, the geometric
loss of the resulting partition is thus 2 + 1 = 3, satisfying condition (b). Condition (c) is satisfied e.g.
by knife-functions based on sweeping lines, as in Figure 4.3/e. For each quarter-rectangle, there is a knife
function (growing from the corner towards the center, as in Figure 4.5) with a geometric loss of 3, satisfying
condition (d).

The bound of 1/3 is tight; see Subsection 3.3.4 on page 22.
Lemma 4.4.3 can be further refined by adding more sub-partition steps. For example, by adding a third

sub-partition step we can prove that if C is an archipelago of m disjoint R-fat rectangles (with R ≥ 2) then:

PropEF(C, R-fat rectangles, 2) ≥ 1
m + 2

and this bound is tight. The proof is a analogous to examples (c) and (d) after Lemma 4.4.2.
Note that the upper bound of 1/3 is valid when the pieces are R-fat rectangles for every finite R, while

the upper bound of 1/4 for square pieces is valid for every R < 2. This implies that 2-fat rectangles are a
good practical compromise between fatness and fairness: if we require fatter pieces (R < 2) then the pro-
portionality guarantee drops from 1/3 to 1/4, while if we allow thinner pieces (R > 2) the proportionality
remains 1/3 for all R < ∞.

4.4.4 Arbitrary fat objects

Our most general result involves cakes that are arbitrary Borel sets. The result is proved for cakes of any
dimensionality; Figure 4.6 illustrates the proof for d = 2 dimensions.

Theorem 4.1(c). For every R ≥ 1, If C is R-fat and S is the family of 2R-fat pieces then:

PropEF(C, S, 2) = Prop(C, S, 2) = 1/2

Proof. The proof uses Lemma 4.4.2 (the Single Partition Procedure). We show a partition of C to two pieces
and a knife-function on each piece. Scale, rotate and translate the cake C such that the largest cube con-
tained in C is B− = [−1, 1]d (Figure 4.6/a). By definition of fatness (see Subsection 2.6), C is now contained
in a cube B+ of side-length at most 2R.

Using the hyperplane x = 0, bisect the cube B− to two 2-by-1 boxes B1 = [−1, 0] × [−1, 1]d−1 and
B2 = [0, 1] × [−1, 1]d−1. This hyperplane also bisects C to two parts, C1 and C2 (Figure 4.6/b). Every
Cj contains Bj which contains a cube with a side-length of 1. Every Cj is of course still contained in B+

which is cube with a side-length of 2R. Hence every Cj is 2R-fat. Hence the geometric loss of the partition
C = C1 t C2, relative to the family or 2R-fat objects, is 2, satisfying condition (a) of Lemma 4.4.2.

For every j ∈ {1, 2}, define the following knife function Kj on Cj (see Figure 4.6/c,d):
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(a)

CB−

(b)

C1 C2

(c) (d)

Figure 4.6: Dividing a general R-fat cake to two people.
(a) The R-fat cake C and its largest contained square B− (the smallest containing square B+ is not shown).
(b) The sub-cakes C1 and C2 (solid), the two rectangles B1 and B2 (dotted) and their largest contained
squares (dashed).
(c) The knife function on C1 in t ∈ [0, 1

2 ].
(d) The knife function on C1 in t ∈ [ 1

2 , 1].

• For t ∈ [0, 1
2 ], Kj(t) = (Bj)

2t, i.e., the box Bi dilated by a factor of 2t. Hence Kj(0) = ∅ and Kj(
1
2 ) = Bj.

• For t ∈ [ 1
2 , 1], Kj(t) is any knife-function from Bj to Cj with continuous Lebesgue-measure (see Sub-

section 4.A.1 for a proof that such a function exists).

Kj(t) is always 2R-fat, since in [0, 1
2 ] it is a scaled-down version of the box Bj (which is 2-fat) and in [ 1

2 , 1] it
contains Bj and is contained in the cube B+. C \ Kj(t) is also 2R-fat, since it contains B3−j and is contained
in B+. Moreover, the Lebesgue measure of Kj(t) is a continuous function of t. Hence, by Subsection 4.A.1,
Kj is an S-good knife function, satisfying condition (b) of Lemma 4.4.2.

Since both Kj and Kj are 2R-fat, the geometric loss of Kj relative to the family of 2R-fat shapes is 1+ 1 =
2, satisfying condition (c) of Lemma 4.4.2.

All conditions of Lemma 4.4.2 are satisfied, and its conclusion is exactly the claimed theorem.

Theorem 4.1(c) implies that we can satisfy the two main fairness requirements: proportionality and envy-
freeness, while keeping the allocated pieces sufficiently fat. The fatness guarantee means that each allotted
piece: (a) contains a sufficiently large square, (b) is contained in a sufficiently small square. In the context
of land division, these guarantees can be interpreted as follows: (a) Each land-plot has sufficient room for
building a large house in a convenient shape (square); (b) The parts of the land that are valuable to the
agent are close together, since they are bounded in a sufficiently small square.

Finally we note that a different technique leads to a version of Theorem 4.1(c) which guarantee that
the pieces are not only 2R-fat but also convex (if the original cake is convex); hence an agent can walk
in a straight line from his square house to his valuable spots without having to enter or circumvent the
neighbor’s fields. See Appendix 4.B for details.

4.4.5 Between envy-freeness end proportionality

For all cakes C and families of usable pieces S studied in this section, we proved that there exists a pos-
itive constant p such that PropEF(C, S, 2) ≥ p. Moreover, for the cases in which p < 1/2, we proved in
Section 3.3 that Prop(C, S, 2) ≤ p (for the cases in which p = 1/2 the latter inequality is obvious). Since
PropEF(C, S, 2) ≤ PropEF(C, S, 2) always, we get that for all settings studied here:

PropEF(C, S, 2) = Prop(C, S, 2)

In other words, in these cases, envy-freeness is compatible with the best possible partial-proportionality.
It is an open question whether this equality holds for every combination of cakes C and families S.
What can we say about the relation between proportionality and envy-freeness for arbitrary C and S?

In addition to the trivial upper bound PropEF(C, S, 2) ≤ Prop(C, S, 2), we have the following lower bound:

Lemma 4.4.4. For every cake C and family S:

PropEF(C, S, 2) ≥ Prop(C, S, 2) · inf
s∈S

PropEF(s, S, 2)
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A:1 C:3 B:1 A:3

B:1

C:2

A:1A:1

B:2

C:3

A:2

*

(c)

Figure 4.7: An illustration of the Simmons-Su procedure for n = 3 agents, A B and C.
(a) A triangulation of the simplex of partitions in which each vertex is assigned to an agent.
(b) Each vertex is labeled with the index of the piece preferred by its assigned agent. The fully-labeled
triangle is starred.
(c) The process is repeated with a finer triangulation of the original simplex.

Proof. Let p = Prop(C, S, 2) and e = infs∈S PropEF(s, S, 2). The following meta-procedure yields an envy-
free partition of C in which the utility of each agent is at least p · e.

By the definition of Prop(C, S, 2), there exists an S-allocation X = (X1, X2) with a proportionality of at
least p, i.e, each agent i receives an S-piece Xi with Vi(Xi) ≥ p.

Ask each agent whether he envies the other agent and proceed accordingly:
(a) If no agent envies the other agent, then the partition is already envy-free. The utility of each agent

is at least p, which is at least p · e (since e ≤ 1).
(b) If both agents envy each other, then let them switch the pieces. The resulting partition is envy-free

and the utility of each agent is more than p ≥ p · e.
(c) The remaining case is that only one agent envies the other agent. W.l.o.g, assume it is agent 1 who

envies agent 2. This means that the S-piece X2 has a utility of at least p to both agents. By the assumptions
of the lemma, since X2 ∈ S, PropEF(X2, S, 2) ≥ e. Therefore, there exists an envy-free S-allocation of X2 in
which the utility of each agent i is at least e ·Vi(X2) ≥ e · p.

So by previous results we have the following partial-compatibility results for every cake C:

• Prop(C, Squares, 2) ≥ PropEF(C, Squares, 2) ≥ 1
4 Prop(C, Squares, 2)

• Prop(C, R f at rects, 2) ≥ PropEF(C, R f at rects, 2) ≥ 1
3 Prop(C, R f at rects, 2) (for R ≥ 2)

• Prop(C, Rectangles, 2) ≥ PropEF(C, Rectangles, 2) ≥ 1
2 Prop(C, Rectangles, 2)

4.5 Envy-Free Division For n agents

4.5.1 The one-dimensional procedure

Existence of envy-free allocations in one dimension was first proved by Stromquist (1980). A procedure for
finding such allocations was developed by Simmons and first described by Su (1999). Our procedure for n
agents is a generalization of that procedure. We briefly describe the 1-dimensional procedure below.

The cake is the 1-dimensional interval [0, 1] and S is the family of intervals. A partition of the cake to n
intervals can be described by a vector of length n whose elements are the lengths of the intervals. The sum
of all lengths in a partition is 1, so the set of all partitions is an (n − 1)-dimensional simplex in Rn. The
procedure proceeds as follows (see Figure 4.7):

(a) Preparation. Triangulate the simplex of partitions to a collection of (n− 1)-dimensional sub-simplexes.
Assign each vertex of the triangulation to one of the n agents, such that in each sub-simplex, all n agents
are represented. Su shows that there always exists such a triangulation.

(b) Evaluation. Recall that each vertex of the triangulation corresponds to a partition of the cake to n
intervals. For each vertex, ask its assigned agent: “if the cake is partitioned according to this vertex, which
piece would you prefer?”. The answer is an integer between 1 and n; label that vertex with that integer.

The labeling created in step (b) has a special structure. First, each of the n main vertexes of the large
simplex corresponds to a partition in which a single piece i ∈ {1, . . . , n} encompasses the entire cake and
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all other pieces are empty. Any agent prefers the entire cake over an empty piece, so this vertex will surely
be labeled by i (see Figure 4.7/b, where the three vertexes of the large triangle are labeled by 1, 2 and 3).
Moreover, each point on the segment between vertex i1 and vertex i2 corresponds to a partition in which
the cake is divided between pieces i1 and i2, and all other pieces are empty. Therefore, each such point will
be labeled by either i1 or i2. The same is true in any number of dimensions: in each face of the simplex, all
interior points are labeled by one of the labels of the main vertexes that span that face. A labeling that has
such a structure is called a Sperner labeling. By Sperner’s lemma, any triangulation with a Sperner labeling
has a fully-labeled sub-simplex, in which all vertexes are labeled differently.

(c) Refinement. Steps (a) and (b) can be repeated again and again, each time with a finer triangulation.
This yields an infinite sequence of fully-labeled simplexes. By compactness of the simplex, there is a subse-
quence that converges to a single point. By the continuity of the agents’ valuations, this point corresponds
to a partition in which each of the n agents prefers a different piece. By definition, this partition is envy-free.

Note that the above procedure is infinite — the envy-free partition is found only at the limit of an
infinite sequence. In fact, Stromquist (2008) proved that when n ≥ 3, an envy-free partition to n agents with
connected pieces cannot be found by a finite procedure. Therefore, Simmons’ infinite procedure is the best
that can be hoped for. Deng and Qi and Saberi (Deng et al., 2012) show that an approximately-envy-free
division can be found in bounded time. For example, suppose that an interval is divided among several
agents and they all agree that a 1 centimeter movement of the border between their plots is irrelevant.
Then the simplex of partitions can be divided to sub-simplices of side-length 1 cm. If the total length of the
cake is L centimeters, then a fully-labeled simplex can be found using O(Ln−2) queries (Deng et al., 2012,
Theorem 5). All points in that simplex correspond to a division that is approximately-envy-free up to the
agents’ tolerance.

4.5.2 Knife tuples

Both Stromquist’s existence proof and the Simmons–Su and the Deng–Qi–Saberi algorithms do not work
directly on the cake — they work on the unit simplex, each point of which represents a cake-partition.
Therefore, we can extend these algorithms to two dimensions if we find an appropriate way to map each
point of the unit simplex to a two-dimensional cake-partition.

Our main tool is a knife-tuple — an extension of the knife-function defined in Definition 4.3.5.

Definition 4.5.1. Given a cake C, an n-knife-tuple on C is a vector of n functions (K1, . . . , Kn), which is a
function from ∆n (the (n− 1)-dimensional unit-simplex in Rn) to the partitions of C, such that for every
nonempty subset of indexes I ⊆ {1, . . . , n}, if:

∑
i∈I

ti = 1 and ∀i /∈ I : ti = 0,

then the pieces whose indexes are in I form a partition of the cake and the other pieces are empty:
⊔

i∈I

Ki(t1, . . . , tn) = C and ∀i /∈ I : Ki(t1, . . . , tn) = ∅.

In particular, at endpoint #i of the simplex, piece #i comprises the entire cake. I.e, if ti = 1 and ti′ 6=i = 0,
then Ki = C and Ki 6=i = ∅.

Knife-tuples can be constructed from knife-functions.

Lemma 4.5.2. Let C be a cake and K a knife-function from ∅ to C. Define functions K1, K2:

K1(t1, t2) := K(t1)

K2(t1, t2) := C \ K(1− t2)

Then, (K1, K2) is a 2-knife-tuple on C.

Proof. We verify the knife-tuple property for all nonempty subset of indexes I ⊆ {1, 2}:

• I = {1, 2}: since we are on the unit simplex, t1 + t2 = 1, K1 = K(t1) and K2 = C \ K(t1) so indeed
K1 t K2 = C.
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• I = {1}: When t1 = 1 and t2 = 0, K1 = K(1) = C and K2 = C \ K(1) = ∅.

• I = {2}: When t2 = 1 and t1 = 0, K1 = K(0) = ∅ and K2 = C \ K(0) = C.

Longer knife-tuples can be constructed recursively, by replacing an element of an existing knife-tuple
with two elements separated by a knife-function. We exemplify this construction with a 3-knife-tuple.

Lemma 4.5.3. Let C be a cake and (K1, K2) a 2-knife-tuple on C. Suppose that, for every t1 and every t2 > 0, we
have a knife-function Kt1,t2 from ∅ to K2(t1, t2). Then, replacing the function K2 with two complementary functions
K′2 and K′3 gives a 3-knife-tuple (K′1, K′2, K′3):

K′1(t1, t2, t3) := K1(t1, t2 + t3)

K′2(t1, t2, t3) := Kt1,t2+t3

(
t2

t2 + t3

)
[t2 + t3 > 0]

∅ [t2 + t3 = 0]

K′3(t1, t2, t3) := K2(t1, t2 + t3) \ Kt1,t2+t3

(
t2

t2 + t3

)
[t2 + t3 > 0]

∅ [t2 + t3 = 0]

Proof. We verify that (K′1, K′2, K′3) satisfies the knife-tuple property for all nonempty subsets of indexes.
Recall that the knife-tuple property of the original (K1, K2) implies that: K1(1, 0) = K2(0, 1) = C and
K1(0, 1) = K2(1, 0) = ∅ and K1(t1, 1− t1) t K2(t1, 1− t1) = C.

• When t1 = 1 and t2 = t3 = 0, K′1 = K1(1, 0) = C and K′2 = K′3 = ∅ by definition.

• When t2 = 1 and t1 = t3 = 0, K′1 = K1(0, 1) = ∅ and K′2 = K0,1(1) = K2(0, 1) = C and K′3 =
K2(0, 1) \ K0,1(1) = ∅.

• When t3 = 1 and t1 = t2 = 0, K′1 = K1(0, 1) = ∅ and K′2 = K0,1(0) = ∅ and K′3 = K2(0, 1) \ K0,1(0) =
K2(0, 1) = C.

• When t1 + t2 = 1 and t3 = 0, K′1 = K1(t1, t2) and K′2 = Kt1,t2(1) = K2(t1, t2) so K′1 t K′2 = K1 t K2 = C,
and K′3 = 0.

• When t1 + t3 = 1 and t2 = 0, K′1 = K1(t1, t3) and K′3 = K2(t1, t3) \ Kt1,t3(0) = K2(t1, t3) so K′1 t K′3 =
K1 t K3 = C, and K′2 = 0.

• When t2 + t3 = 1 and t1 = 0, K′1 = K1(0, 1) = ∅ and K′2 = K0,1( t2
t2+t3

) and K′3 = K2(0, 1) \ K0,1( t2
t2+t3

),
so K′2 t K′3 = K2(0, 1) = C.

• When t1 + t2 + t3 = 1, K′2 t K′3 = K2(t1, t2 + t3), so K′1 t K′2 t K′3 = K1(t1, t2 + t3)t K2(t1, t2 + t3) = C.

So to build a 3-knife-tuple, we start with a single knife-function on C that cuts it to K1 t K2. Then, for
every point in time, we use another knife-function on K2 that cuts it to K′2 t K′3. Alternatively, we can use a
knife-function on K1 that cuts it to K′1 t K′3; the proof is entirely analogous.

An example of a 3-knife-tuple is shown in Figure 4.8. There, the first knife-function (K1 ≡ K′1) is a
growing pair-of-squares, identical to the knife-function in Figure 4.3/b. K2 is its complement (which is
also a pair-of-squares). For every point in time, the second knife-function (K′2) is a growing union-of-four-
squares. It starts at an empty set and grows until it covers all of K2. K′3 is the remainder, which is also a
union of four squares.

The previous lemma can be generalized to create knife-tuples of arbitrary length.

Lemma 4.5.4. Let C be a cake and (K1, . . . , Kn) an n-knife-tuple on C. Suppose that for some i ∈ {1, . . . , n}, for
every t1, . . . , tn where ti > 0, we have a knife-function Kt1,...,ti ,...,tn from ∅ to Ki(t1, . . . , ti, . . . , tn). Then, replacing
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the index i with two indexes i1 and i2 and replacing the function Ki with two complementary functions K′i1 and K′i2
gives an (n + 1)-knife-tuple (K′1, . . . , K′i1, K′i2, . . . , K′n):

K′i1(t1, . . . , ti1, ti2, . . . , tn) :=Kt1,...,ti1+ti2,...,tn

(
ti1

ti1 + ti2

)
[ti1 + ti2 > 0]

:=∅ [ti1 + ti2 = 0]
K′i2(t1, . . . , ti1, ti2, . . . , tn) :=Ki(t1, . . . , ti1 + ti2, . . . , tn)

\ Kt1,...,ti1+ti2,...,tn

(
ti1

ti1 + ti2

)
[ti1 + ti2 > 0]

:=∅ [ti1 + ti2 = 0]
∀j 6= i :K′j(t1, . . . , , ti1, ti2, . . . , tn) :=Kj(t1, . . . , ti1 + ti2, . . . , tn)

Proof. We verify that (K′1, . . . , K′i1, K′i2, . . . , K′n) satisfies the knife-tuple property for every nonempty subset
of indexes, I′. There are four cases, depending on whether I′ contains i1 or i2 or both.

• i1 /∈ I′ and i2 /∈ I′. Then, tj∈I′K′j = tj∈I′Kj = C by the knife-tuple property of (K1, . . . , Kn), and
K′i1 = K′i2 = ∅ by definition.

• i1 ∈ I′ and i2 /∈ I′. When ti2 = 0, ti1 + ti2 = ti1, so K′i1 = Kt1,...,ti1,...,tn(1) = Ki(t1, . . . , ti1, . . . , tn). Define
an alternative subset of indexes: I := I′ \ {i1} ∪ {i}. Then, tj∈I′K′j = tj∈IKj = C by the knife-tuple
property of (K1, . . . , Kn), and K′i2 = ∅ by definition.

• i2 ∈ I′ and i1 /∈ I′. When ti1 = 0, ti1 + ti2 = ti2, so K′i2 = Ki(t1, . . . , ti2, . . . , tn) \ Kt1,...,ti2,...,tn(0) =
Ki(t1, . . . , ti2, . . . , tn). Define an alternative subset of indexes: I := I′ \ {i2} ∪ {i}. Then, tj∈I′K′j =

tj∈IKj = C by the knife-tuple property of (K1, . . . , Kn), and K′i1 = ∅ by definition.

• i2 ∈ I′ and i1 ∈ I′. Note that when ti := ti1 + ti2, K′i1 t K′i2 = Ki. Define a subset of indexes
I := I′ \ {i1, i2} ∪ {i}. Then, tj∈I′K′j = tj∈IKj = C by the knife-tuple property of (K1, . . . , Kn).

Definition 4.3.6 on page 65 and Definition 4.3.8 on page 66 can be naturally generalized from a knife-
function to a knife-tuple:

Definition 4.5.5. The geometric-loss of a knife-tuple (K1, . . . , Kn) is the supremum geometric loss of the
resulting partitions:

Loss((K1, . . . , Kn), S) := sup
(t1,...,tn)∈∆n

( n

∑
j=1

Loss(Kj(t1, . . . , tn), S)
)

In Figure 4.8, K′1 can be covered by two squares and K′2 and K′3 can be covered by four squares each, so
the square-geometric-loss of this 3-knife-tuple is 10.

Definition 4.5.6. A knife-tuple (K1, . . . , Kn) is called S-good if for every i ∈ {1, . . . , n} and every absolutely-
continuous value-measure V, the function VS(Ki(t1, . . . , tn)) is a continuous function of t1, . . . , tn.

In the knife-tuple of Figure 4.8, the squares meet only at their corners, no square is created or destroyed
abruptly, so the knife-tuple is square-good. This can be proved formally as in Appendix 4.A.2; the details
are omitted for the sake of brevity.

Now we can generalize Lemma 4.4.1 from 2 to n agents:

Lemma 4.5.7. Let C be a cake and S a family of pieces. If there is an S-good n-knife-tuple on C with a geometric loss
of at most M, then:

PropEF(C, S, n) ≥ 1/M

Proof. Use the Simmons–Su procedure described in Subsection 4.5.1. The Preparation step (a) is exactly the
same. In the Evaluation step (b), for each vertex (t1, . . . , tn) of the triangulation, use the n-knife-tuple to
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t1 = 0.3, t2 = 0.1, t3 = 0.6

b

t1 = 0.3, t2 = 0.6, t3 = 0.1

b

t1 = 0.6, t2 = 0.1, t3 = 0.3

b

t1 = 0.6, t2 = 0.3, t3 = 0.1

b

Figure 4.8: Four partitions induced by the 3-knife-tuple (K′1, K′2, K′3) in different points (t1, t2, t3) of the
unit-simplex. K′1(·) is filled with horizontal blue lines, K′2(·) is filled with vertical green lines and K′3(·) is
blank.

create the partition: K1(t1, . . . , tn), . . . , Kn(t1, . . . , tn). Ask the owner of that vertex (e.g. agent i) to indicate
its favorite piece in this partition, namely:

arg max
j∈{1,...,n}

VS
i (Kj(t1, . . . , tn))

and label that vertex with the agent’s reply. By the properties of a knife-tuple, whenever tj = 0, Kj = ∅,
so VS

i (Kj) = 0, so the agent will never reply j. Therefore, the resulting labeling is a Sperner labeling, so a
fully-labeled sub-simplex exists.

By repeating steps (a) and (b) infinitely many times with finer and finer triangulations, we get a sub-
sequence of fully-labeled triangles that converges to a single point. Because the knife-tuple is S-good, all
agents’ S-value functions are continuous, so the limit point corresponds to an envy-free partition. The loss
of the knife-tuple is at most M, so the proportionality of the limit partition is at least 1/M. 5

We now apply Lemma 4.5.7 to prove our Theorem 4.2.

4.5.3 Squares and fat rectangles

Theorem 4.2(a). For every n ≥ 1:

PropEF(Square, Squares, n) ≥ 1
22dlog2ne >

1
4n2

Proof. For every n which is a power of 2, we construct an n-knife-tuple (K1, . . . , Kn), in which for every
(t1, . . . , tn) ∈ ∆n, and for every j ∈ {1, . . . , n} for which tj > 0, Kj(t1, . . . , tn) is a union of at most n squares.
Hence, the partition induced by (K1, . . . , Kn) has a geometric loss of n · n = n2.

The construction is recursive. The base is n = 2. Take the knife-function in Figure 4.3/b (a union of two
corner-squares growing towards the center). By Lemma 4.5.2, it defines a 2-knife-tuple which we denote
by: (K1, K2). For each t1 and t2, K1(t1, t2) and K2(t1, t2) are square-pairs (unions of two squares).

Consider next the case n = 4. In every square-pair in the above 2-knife-tuple, define a knife-function as
shown in Figure 4.8 — a union of four corner-squares growing from opposite corners towards the center. By
Lemma 4.5.4, we can replace K1 by K′1, K′2 and K2 by K′3, K′4. For each i ∈ {1, 2, 3, 4}, t1, t2, t3, t4, Ki(t1, t2, t3, t4)
is a union of four squares.

After l steps, we have a 2l-knife-tuple in which each component is a union of 2l squares. We split each
component using a knife-function made of a union of 2l+1 squares growing from opposite corners. This
gives a new, 2l+1-knife-tuple in which each component is a union of 2l+1 squares. After log2 n steps, we get
the desired n-knife-tuple.

This knife-tuple is square-good since no squares are created or destroyed abruptly; this is apparent in
the illustration, since the squares from opposite sides meet only at their corners. We suppress a formal
proof of this geometric fact.

When n is not a power of two, it can be rounded to the next power of two — 2dlog2ne. The geometric loss
is then at most 22dlog2ne, which is always less than 4n2.

5When n = 3, the three-knives procedure of Stromquist (1980) can be used instead of Simmons’ procedure. See the conference
version (Segal-Halevi et al., 2015a).
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For completeness we prove the following very simple theorem:

Theorem 4.2(b). If C is an R-fat rectangle and S the family of R-fat rectangles then:

PropEF(C, S, n) ≥ 1
22dlog2ne >

1
4n2

Proof. Scale the coordinate system such that C becomes a square. Use Theorem 4.2(a) and get a division
with square pieces. Scale the coordinate system back. Now the pieces are R-fat rectangles.

We do not know if the 1/(4n2) lower bound is asymptotically tight. The upper bound from Claim 3.3.4
on page 18 is Prop(Square, squares, n) ≤ 1/(2n). Moreover, the procedure of Subsection 3.5.1 on page 27
proves that Prop(Square, squares, n) ≥ 1/(4n− 4), but ignores envy considerations. We do not know if it
is possible to attain an envy-free division with a proportionality of 1/O(n).

In the following subsection we show that it is possible to attain an envy-free and proportional division
for every n, in return to a compromise on the family of usable pieces.

4.5.4 Arbitrary fat objects

Theorem 4.2(c). Let C be a d-dimensional R-fat cake and n ≥ 2 an integer. Let S be the family of mR-fat
pieces, where m be the smallest integer such that n ≤ md (i.e. m = dn1/de). Then:

PropEF(C, S, n) = 1/n

Proof. The proof is illustrated in Figure 4.9 for the case of d = 2 dimensions. Let C be an R-fat d-dimensional
cake. By definition of fatness it contains a cube B− of side-length x and it is contained in a parallel cube B+

of side-length R · x, for some x > 0.
Partition the cube B− to a grid of md sub-cubes, B1, ..., Bmd , each of side-length x

m . For every i, denote by
B−i the union of all md − 1 squares different than Bi, i.e:

B−i :=
⋃

j 6=i

Bj = B− \ Bi

Denote by B− the cake outside the enclosed cube, i.e:

B− := C \ B−

Define the following knife function K on C (see Figure 4.9):

• For t ∈ [0, 1
3 ]: K(t) = (B1)

3t, i.e., the cube B1 dilated by a factor of 3t. Hence K(0) = ∅ and K( 1
3 ) = B1.

• For t ∈ [ 1
3 , 2

3 ]: K(t) is any knife function from B1 to C \ B−1 with continuous Lebesgue measure. See
Subsection 4.A.1 for a proof that such a function exists.

• For t ∈ [ 2
3 , 1]: K(t) is C \ [(B−1)

3(1−t)], i.e., the cake not yet covered by the knife is B−1 dilated by a
factor proportional to the remaining time. Hence K(1) = C.

By Lemma 4.5.2, K induces a 2-knife-tuple (K1, K2) where K1 := K and K2 := C \ K1. For every t1, t2 with
t1 + t2 = 1, K1(t1, t2) is mR-fat:

• When t1 ∈ [0, 1
3 ], K1 it is a cube, which is 1-fat.

• When t1 ∈ [ 1
3 , 1], K1 contains the cube B1, whose side-length is x/m, and is contained in the cube B+,

whose side-length is x · R.

and K2(t1, t2) is also mR-fat:

• When t1 ∈ [0, 2
3 ], K2 contains e.g. the cube Bn, whose side-length is x/m, and is contained in the

larger cube B+, whose side-length is x · R.
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t2 = 2
3
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Figure 4.9: Dividing a general R-fat cake to n = 3 people. K1 is filled with horizontal lines, K2 is filled with
vertical lines and K3 is white. Note that each of these three pieces is 2R-fat, where R is the fatness of the
original cake.
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Length = 1

Length = R

V = n− 1 + ǫ V = 1− ǫ

Figure 4.10: A fat cake in which every proportional division must use slim pieces. See Lemma 4.5.8.

• When t1 ∈ [ 2
3 , 1], K2 contains a dilated Bn and it is contained in a dilated B−; since they are dilated by

the same factor, the ratio between their side-lengths is always m.

For every t1, t2 with t1 + t2 = 1, we now define a knife-function Kt1,t2 from ∅ to K2(t1, t2). Kt1,t2 is analogous
to K but uses the sub-cube B2. This is possible because:

• When t1 ∈ [0, 2
3 ], K2 contains the cube B2 itself;

• When t1 ∈ ( 2
3 , 1], K2 contains a dilated B2, which is contained in a dilated B+.

The function Kt1,t2 is defined as follows:

• For t ∈ [0, 1
3 ]: Kt1,t2(t) = (B2)3t.

• For t ∈ [ 1
3 , 2

3 ]: Kt1,t2(t) is any knife-function from B2 to K2 \ B−2 with continuous Lebesgue measure.

• For t ∈ [ 2
3 , 1]: Kt1,t2(t) is K2 \ [(B−2)3(1−t)].

By Lemma 4.5.3, this induces a 3-knife-tuple (K′1, K′2, K′3).
To define an n-knife-tuple, proceed in a similar way for the pieces B1, . . . , Bn. All components in the

knife-tuple are mR-fat, and their Lebesgue measure changes continuously. Therefore, by the proofs in
Subsection 4.A.1, the knife-tuple is S-good, as required by Lemma 4.5.7.

Figure 4.9 shows an example of the construction for d = 2 dimensions and n = 3 agents. Here m =
d
√

3e = 2 so each agent receives an envy-free 2R-fat land-plot with a utility of at least 1/3.
Theorem 4.2(c) implies that we can guarantee proportionality by compromising on the fatness of the

pieces — allowing the pieces to be thinner than the cake by a factor of dn1/de. This factor is asymptotically
optimal even when envy is allowed:

Lemma 4.5.8. For every R ≥ 1, there is an (R + 1)-fat cake C for which, for every m′ ≤ (n− 1)1/d:

PropEF(C, m′R f at objects, n) ≤ Prop(C, m′R f at objects, n) < 1/n

Proof. Let δ, ε be small positive constants. Let C be a cake with the following two components:

• The left component is a cube with all sides of length 1;

• The right component is a box with one side of length R and the other sides of length δ.

See Figure 4.10 for an illustration for d = 2. C is contained in a cube of side-length R + 1 and it contains a
cube of side-length 1, so it is (R + 1)-fat.

C represents a desert with the following water sources:

• The left cube contains n− 1 + ε water units;
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• A small disc at the end of the right box contains 1− ε water units.

C has to be divided among n agents whose value functions are proportional to the amount of water. To get
a proportional division, each agent must receive exactly 1 unit of water. This means that at least one piece,
e.g. Xi, must overlap both the right pool and the left pool.

The smallest cube containing Xi has a side-length of at least R. For the largest cube contained in Xi,
there are two options:

• If the largest contained cube is in the left side, then its side-length must be at most
(

1
n−1+ε

)1/d

, since

it must contain at most 1 unit of water.

• If the largest contained cube is in the right side, then its side-length must be at most δ.

If δ is sufficiently small (in particular, δ <

(
1

n−1

)1/d

), then the piece Xi is not m′R-fat for every m′ ≤
(n− 1)1/d. This means that, if all pieces must be m′R-fat, a proportional division is impossible.

4.6 Conclusions and Future Work

This chapter presented the problem of dividing a cake to agents whose utility functions depend on geomet-
ric shape, where the division should be both partially-proportional and envy-free. The main contributions
in this chapter are several generic division procedures for envy-free division. For two agents, these pro-
cedures have the best possible partial-proportionality guarantees in various geometric scenarios. For n
agents, the procedures guarantee a positive partial proportionality.

The tools developed in this chapter are generic and can work for cakes and pieces of other geometric
shapes. In fact, our tools reduce the envy-free division problem to a geometric problem — the problem of
finding appropriate knife functions.

Some topics not covered in the present chapter are:

• Utility functions that takes into account both the value contained in the best usable piece and the total
value of the piece, e.g.: U(X) = w ·VS(X) + (1− w) ·V(X), where w is some constant.

• Absolute size constraints on the usable pieces instead of the relative fatness constraints studied here,
e.g. let S be the family of all rectangles with length and width of at least 10 meters.

• Personal geometric preferences — letting each agent i specify a different family Si of usable pieces.
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Chapter 4 Appendix
4.A Geometric conditions for S-good knife functions

Recall Definition 4.3.6:

Given a cake C and a family S, a knife function KC is called S-good if for every absolutely-
continuous value-measure V, both VS(KC(t)) and VS(KC(t)) are continuous functions of t.

This section presents two different geometric properties of a knife function KC, each of which guarantees
that it is S-good.

4.A.1 S-smoothness

The first property is simple: both the region covered and the region not covered by the knife function
should always return S-pieces whose Lebesgue measure changes continuously.

Definition 4.A.1. Let S be a family of pieces. A knife function K(t) is called S-smooth if:
(a) The Lebesgue measure of K(t) (and hence of K(t)) is a continuous function of t, and:
(b) for all t, both K(t) ∈ S and K(t) ∈ S.

Lemma 4.A.2. If V is a measure absolutely-continuous with respect to Lebesgue measure, and K is an S-smooth
knife-function, then the real functions VS ◦ K and VS ◦ K are continuous.

Proof. The measure V is absolutely continuous with respect to Lebesgue measure, and Lebesgue(K(t)) is a
continuous function of t by condition (a). Hence, V(K(t)) is also a continuous function of t. Condition (b),
namely K(t) ∈ S, implies that ∀t ∈ [0, 1] : VS(K(t)) = V(K(t)), so VS(K(t)) is also a continuous function
of t. An analogous proof applies to VS(K(t)).

The knife function in Figure 4.3/a is Rectangle-smooth but not Square-smooth. The other knife func-
tions in that figure are neither Rectangle-smooth nor Square-smooth (e.g in Figure 4.3/c, K(t) is not a
rectangle).

We now prove a useful lemma that will help us find S-smooth functions. Recall that S-smoothness has
two conditions: Lebesgue(K(t)) should be continuous, and K(t) should be in S. We now focus on the first
condition — continuity of Lebesgue(K(t)).

Given two bounded Borel subsets of Rd, A and B, does there always exist a knife function K from A to
B such that Lebesgue(K(t)) is continuous? By the monotonicity of a knife-function, a necessary condition
is that A ⊂ B. By the following lemma, this condition is also sufficient.

Lemma 4.A.3. Let A and B be two bounded Borel subsets of Rd with A ⊆ B. There exists a knife function K from
A to B, such that Lebesgue(K(t)) is a continuous function of t.

Proof (based on Fish (2014)). Pick a point O ∈ B. For every r ≥ 0 let D(r) be the open d-ball of radius
r around O. Since B is bounded, there is a certain radius rmax such that B ⊆ D(rmax). For every t ∈
[0, 1], define D∗(t) = D(t · rmax), so D∗(t) is an open ball whose radius grows continuously from 0 to
rmax. Define: K(t) := [A ∪ D∗(t)] ∩ B. Clearly, K(0) = A, K(1) = B and K is (weakly) monotonically
increasing. Hence, K is a knife-function from A to B. The continuity of Lebesgue(K(t)) follows from
the fact that Lebesgue(D∗(t)) is continuous and for every ∆t: Lebesgue(K(t + ∆t)) − Lebesgue(K(∆t)) ≤
Lebesgue(D∗(t + ∆t))− Lebesgue(D∗(∆t)).

We call any function satisfying the requirements of Lemma 4.A.3 a knife-function with continuous Lebesgue-
measure. Any S-smooth knife-function has continuous Lebesgue-measure. Any knife-function with contin-
uous Lebesgue-measure in which K(t) ∈ S and K(t) ∈ S is S-smooth.
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4.A.2 S-continuity

The second property is more involved. The knife function may return pieces that are not from S. However,
it must change in a way that S-pieces are not created or destroyed abruptly, but rather grow or shrink in a
continuous manner.

Definition 4.A.4. A piece s is called a ε-predecessor of a piece s′ if s ⊆ s′ and Lebesgue(s′ \ s) < ε.

Definition 4.A.5. Let S be a family of pieces. A knife function K(t) is called S-continuous if for every ε > 0
there exists δ > 0 such that, for all t and t′ having |t′ − t| < δ:

(a) Every S-piece st′ ⊆ K(t′) has an ε-predecessor S-piece st ⊆ K(t).
(b) Every S-piece st′ ⊆ K(t′) has an ε-predecessor S-piece st ⊆ K(t).

Lemma 4.A.6. If V is a measure absolutely-continuous with respect to Lebesgue measure, and K is an S-continuous
knife function, then the real functions VS ◦ K and VS ◦ K are uniformly-continuous.

Proof. Given ε′ > 0, we show the existence of δ > 0 such that, for every t, t′, if |t′− t| < δ then |VS(K(t′))−
VS(K(t))| < ε′.

Given ε′, by the continuity of V, there is an ε > 0 such that:

Lebesgue(s) < ε =⇒ V(s) < ε′ (4.2)

Given that ε, by the S-continuity of K there is a δ > 0 such that, if |t′ − t| < δ, then every S-piece
st′ ⊆ K(t′) has an ε-predecessor S-piece st ⊆ K(t). This means that st ⊆ st′ and:

Lebesgue(st′ \ st) < ε

which by (4.2) implies

V(st′ \ st) < ε′

which by additivity of V implies

V(st) > V(st′)− ε′

The latter inequality is true for every S-piece st′ ⊆ K(t′), so it is also true for the supremum:

sup
st∈S,st⊆K(t)

V(st) ≥ V(st) > sup
st′∈S,st′⊆K(t′)

V(st′)− ε′

By definition, the S-value is the supremum, so:

VS(K(t)) > VS(K(t′))− ε′

By symmetric arguments (replacing the roles of t and t′), VS(K(t′)) > VS(K(t))− ε′. Hence |VS(K(t′))−
VS(K(t))| < ε′ as we wanted to prove.

An analogous proof applies to the function VS ◦ K.

The following lemma demonstrates how the existence of S-continuous functions can be proved.

Lemma 4.A.7. Let S be the family of d-dimensional cubes. For every bounded cake C in Rd, there exists an S-
continuous knife-function from ∅ to C.

Proof. Since C is bounded, it can be moved and scaled such that it is contained in the unit cube [0, 1]d.
For every t ∈ [0, 1], Let H(t) be the half-space defined by: x < t. Define: KC(t) := H(t) ∩ C. Clearly,
KC(0) = ∅, KC(1) = C and KC is (weakly) monotonically increasing. Hence, KC is a knife-function from ∅
to C.

The proof that KC is S-continuous is based on the following geometric fact: for every cube st′ contained
in the half-space H(t + δ), there exists a cube st ⊆ st′ contained in the half-space H(t), such that the
side-length of st is smaller than that of st′ by at most δ (it is smaller by exactly δ when st′ is adjacent to the
rightmost side of H(t+ δ) and parallel to the axes; see Figure 4.11 for an illustration of the two-dimensional
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t t + δ

Figure 4.11: Square-continuity of the knife-function defined in Lemma 4.A.7.
The solid line describes the knife location at time t; the dotted line describes its location at time t + δ.
The dotted squares are squares contained in H(t + δ); the solid squares are their predecessors in H(t).
At the bottom, the side-length of the solid square is smaller than the dotted square by exactly δ.
At the top, the side-length of the solid square is smaller than the dotted square by less than δ.

(c),(d) K3(t)

Figure 4.12: A knife-function that is not S-continuous.

case). Suppose st′ is also contained in C. Since C is contained in the unit cube, the side-length of st′ is at
most 1. Therefore, the area of st is smaller than that of st′ by at most 1− (1− δ)d ≤ d · δ.

Consider now the definition of S-continuity. For every ε > 0, take δ := ε/d, let t′ = t + δ and let st′ be
an S-piece contained in KC(t′). By definition of KC, st′ is contained in both C and H(t′). By the geometric
fact, st′ has an ε-predecessor st that is contained in H(t). Since st ⊆ st′ , it is also contained in C. Hence, it is
contained in KC(t).

Using similar arguments, it is possible to prove that the function KC described above is S-continuous
also when S is the family of boxes or fat boxes. Full characterization of the the families S for which KC is
S-continuous is an interesting question that is beyond the scope of the present paper.

4.A.3 Examples

The knife-function in Figure 4.3/a, KC(t) = [0, L]× [0, t], is a special case of the ’sweeping plane’ function
of Lemma 4.A.7. Hence it is square-continuous (and also rectangle-continuous).

As a negative example, consider the knife function KC(t) = [0, t] × [0, 1] ∪ [1 − t, 1] × [0, 1] defined
on the cake C = [0, 1]× [0, 1]. This function describes two rectangles that approach each other from two
opposite sides of the cake (see Figure 4.12). It is not square-continuous. Intuitively, a square of side-length
1 is created at time t = 0.5, when the two components of KC(t) meet. Formally, let ε = 0.75. For every
δ > 0, select t = 0.5− δ

3 and t′ = 0.5 + δ
3 . Then KC(t′) contains the square s′ = [0, 1]× [0, 1], but all squares

s ⊆ KC(t) have a side-length of less than 0.5, hence Lebesgue(s′ \ s) > 0.75 = ε.
The knife-functions in Figure 4.3/b,c,d,e are S-continuous but not S-smooth. Thus one may think that

S-continuity is more permissive than S-smoothness. But this is not the case: S-continuity and S-smoothness
are two independent properties. To see this, let S′ be the family of rectangle-pairs (defined as unions of two
rectangles). The function KC defined in the previous paragraph (and Figure 4.12) is S′-smooth, because
both KC(t) and KC(t) are rectangle-pairs. However, KC is not S′-continuous because some rectangle-pairs
(e.g. [0, 1]× [0, 0.2] ∪ [0, 1]× [0.8, 1]) are created abruptly at time t = 0.5.
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θ

Figure 4.13: Dividing a convex R-fat cake to two people.
The cake (the ellipse) is divided by a rotating knife (dotted line) to two 2R-fat convex pieces. This is a
convex variant of Figure 4.6.

4.A.4 Conclusion

We proved two independent sufficient conditions for S-goodness. Combining Lemmas 4.A.2 and 4.A.6
gives:

Corollary 4.A.8. If a knife-function is either S-smooth or S-continuous (or both), then it is S-good.

Each of the two conditions, S-smoothness and S-continuity, is sufficient but not necessary for S-goodness.

4.B Dividing a convex fat cake to convex fat pieces

The following theorem is a variant of Theorem 4.1(c) in Subsection 4.4.4, in which the cake must be convex
and the pieces are guaranteed to be convex.

The convexity requirement, while seemingly simple, implies that we cannot use the usual knife func-
tions anymore. For example, if C is a circle then every knife function (which must be a straight line to keep
the pieces convex) must start with an infinitely slim piece. Hence we must use another technique which
can be called a rotating-knife.

Theorem. For every R ≥ 1, If C is an R-fat 2-dimensional convex figure and S is the family of convex 2R-fat pieces
then:

PropEF(C, S, 2) = 1/2

Proof. Scale, rotate and translate the cake C such that the largest square contained in C is B− = [−1, 1]×
[−1, 1]. By definition of fatness, C is now contained in a square B+ of side-length at most 2R.

Consider a line passing through the origin at angle θ ∈ [0◦, 360◦] from the x axis (see Figure 4.13). This
line cuts the contained square B− into two quadrangles, each of which contains a square with side-length
1. Because C is convex, this line also cuts the boundary of C at exactly two points, splitting C to two convex
pieces. Each of these two pieces is 2R-fat since it contains a square with side-length 1 and it is contained in
B+ whose side-length is 2R.

Let W(θ) be the value of the piece for agent #1 at the left-hand side of the line when facing at angle
θ. Because the value measure is continuous, W is continuous. When θ rotates by 180◦, the piece that was
at the left-hand side is now at the right-hand side and vice versa (e.g. when θ = 0◦ the left-hand side
is above the line and when θ = 180◦ the right-hand side is above the line). Hence if W(θ) > 1/2 then
W(180◦ + θ) = 1−W(θ) < 1/2 and vice versa. Hence by the continuity of W there must be a θ for which
W(θ) = 1/2. Cut the cake at the line in angle θ. Let agent #2 choose a piece and give the other piece to
agent #1. Now both agents have a piece which is convex and 2R-fat and their value is at least 1/2.

So far we have not managed to generalize the rotating-knife technique to more than two agents.

Remark 4.B.1. The rotating-knife technique was introduced by Robertson and Webb (1998) as an algorithm
to produce an envy-free cake-allocation among three agents. The algorithm works only when the cake has
two or more dimensions, and it does not provide geometric shape guarantees.

Rotating knives are also used by Barbanel and Brams (2011) for finding an approximate envy-free,
equitable and Pareto-optimal division of a pie (a one-dimensional circle) between two players.
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5.1 Introduction

The classic cake-cutting setting assumes a one-shot division: the resource is divided once and for all, like
a cake that is divided and eaten soon after it comes out of the oven. But in practice, it is often required to
re-divide an already-divided resource. One example is a cloud-computing environment, where new agents
come and require resources held by other agents. A second example is fair allocation of radio spectrum
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among several broadcasting agencies: it may be required to re-divide the frequencies to accommodate new
broadcasters. A third example is land-reform: large land-estates are held by a small number of landlords,
and the government may want to re-divide them to landless citizens. A fourth example arises when new
shares of a company are issued, and one desires that the old share-holders not feel unduly hurt by the
dilution of their shares.1

In the classic one-shot division setting, there are n agents with equal rights. The goal is to give each
agent a fair share of the cake. Ideally we would like to give each agent a piece worth at least 1/n of the
total cake value — a requirement called “proportionality” (see Chapter 2 on page 6). If this is not possible,
we would like to give each agent at least a fraction r/n of the total cake value, where r ∈ (0, 1) is constant
independent of n. We call this requirement r-proportionality.

In contrast, in the re-division setting, there is an existing division of the cake among the n agents. This
division is not necessarily fair; in particular, there may be some agents whose allocation is empty. If the
cake is re-divided, it may be required to give extra rights to the existing landlords. In particular, it may
be required to give each landlord the opportunity to keep a substantial fraction of its current value. This
may be due either to efficiency reasons (in the cloud computing scenario) or economic reasons (in the radio
spectrum scenario) or political reasons (in the land-reform scenario). We call this requirement ownership.
Given a constant w ∈ (0, 1), w-ownership means that each agent receives at least w times its old value. The
main question in this chapter is:

Can positive levels of proportionality and ownership be attained simultaneously?

5.1.1 Results

Our first result answers this question positively.

Theorem 5.1. For every constants r, w ∈ [0, 1] where r + w ≤ 1, and for every existing division of the cake, there
exists a division that simultaneously satisfies r-proportionality and w-ownership. Moreover, when r, w are constant
rational numbers, such a division can be found in time O(n2).

The parameters r, w represent the level of balance between two principles: large r means more emphasis
on fairness while large w means more emphasis on ownership rights. As an example, taking r = w = 1/2,
Theorem 5.1 implies that it is possible to re-divide the cake, giving each agent at least half its previous
value, while simultaneously giving each agent at least 1/(2n) of the total cake value.

The balance parameters can also be given probabilistic interpretation. Suppose the government wants
to do a land reform and needs the agreement of the current landowners. Naturally, the current landowners
do not want to give away their lands. However, they may fear that, without land-reform, the landless
citizens might revolt and they might lose all their lands. If the landowners believe that the probability of a
successful revolt is 1−w, then they will agree to a land-reform that guarantees w-ownership. Theorem 5.1
implies that, in this case, it is possible to carry out a land-reform that guarantees (1− w)-proportionality.

The following proposition shows that the balance given by Theorem 5.1 is tight:

Proposition 5.1. For every constants r, w ∈ [0, 1] where r + w > 1, it may be impossible to simultaneously
guarantee r-proportionality and w-ownership.

Geometric constraints

While Theorem 5.1 is encouraging, it ignores an important aspect of practical division problems: geome-
try. The division it guarantees may be highly fractional, giving each agent a large number of disconnected
pieces. But in land division (as well as many other practical division problems), the agents may want to
receive a single connected piece. Can partial-proportionality and partial-ownership be attained simultane-
ously with a connectivity constraint? The following proposition answers this question negatively.

Proposition 5.2. When the cake is a 1-dimensional interval and each piece must be an interval, for every positive
constants r, w ∈ (0, 1), it may be impossible to simultaneously satisfy r-proportionality and w-ownership. Moreover,
for every r > 0 and every integer k ∈ {1, . . . , n}, there might be k agents who, in any r-proportional division, receive
at most a fraction 1/b n

k c of their old value.

1I am grateful to a referee for this example.
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Figure 5.1: With geometric constraints, a Pareto-efficient division might paradoxically have to discard
some of the cake.

The latter part of the proposition involves a property much weaker than proportionality: all we want
is to guarantee each agent a positive value. With the connectivity constraint, even this weak “positivity”
requirement is incompatible with w-ownership for every constant w > 0: a positive division might require
us to give one agent at most 1/n of its previous value, give two agents at most 2/n of their previous value,
give n/3 agents at most 1/3 of their previous value, etc.

Proposition 5.2 motivates the following weaker ownership requirement: for every k, at least n− k agents
receive at least a fraction 1/b n

k c of their old value. For example (taking k = n/3 and assuming all quotients
are integers), at least 2n/3 agents should receive at least 1/3 of their old value. This criterion is inspired by
the "90th percentile" criterion common in Service-Level-Agreements and Quality-of-Service analysis, e.g.
Zhang et al. (2014); Delimitrou and Kozyrakis (2014). It can also be justified by political reasoning: in a
democratic country, it may be sufficient to win the support of a sufficiently large majority.

Our following results almost match this relaxed ownership criterion. Formally, the democratic owner-
ship property means that, for every integer k ∈ {1, . . . , n}, at least n− k agents receive at least a fraction
1/d n

k e of their previous value. Democratic-ownership is almost the same as the upper bound implied by
Proposition 5.2; the only difference is that in the upper bound the fraction is rounded downwards (1/b n

k c)
while in democratic-ownership the fraction is rounded upwards.

Theorem 5.2. When the cake is a 1-dimensional interval and each piece must be an interval, it is possible to find in
time O(n2 log n) a division simultaneously satisfying democratic-ownership and 1/3-proportionality.

It is an open question whether democratic-ownership is compatible with r-proportionality for some
r > 1/3.

Theorem 5.2, like most cake-cutting papers, assumes that the cake is 1-dimensional. In realistic division
scenarios, the cake is often 2-dimensional and the pieces should have a pre-specified geometric shape, such
as a rectangle or a convex polygon. Rectangularity and convexity requirements are sensible when dividing
land, exhibition space in museums, advertisement space in newspapers and even virtual space in web-
pages. Moreover, in the frequency-range allocation problem, it is possible to allocate frequency ranges for
a limited time-period; the frequency-time space is two-dimensional and it makes sense to require that the
"pieces" are rectangles in this space (Iyer and Huhns, 2009).

2-dimensional cake-cutting introduces new challenges over the traditional 1 dimensional setting. As
an example, in one dimension, it can be assumed that the initial allocation is a partition of the entire cake;
this is without loss of generality, since any "blank" (unallocated part) can just be attached to a neighboring
allocated interval without harming its shape or value. However, in two dimensions, the initial allocation
might contain blanks that cannot be attached to any allocated piece due to the rectangularity or convexity
constraints. For example, suppose the cake is as the rectangle in Figure 5.1. There are 4 agents and each
agent i has positive value-density only inside the rectangle Zi. The most reasonable division (e.g. the only
Pareto-efficient division) is to give each Zi entirely to agent i. But, this allocation leaves a blank in the center
of the cake, and this blank cannot be attached to any allocated piece due to the rectangularity constraint.

This counter-intuitive scenario cannot happen in a one-dimensional cake. Handling such cases requires
new geometry-based tools. Using such tools we can prove analogues of Theorem 5.2 to two common 2-
dimensional settings.

Theorem 5.3. When the cake is a rectangle and each piece must be a parallel rectangle, it is possible to find in time
O(n2 log n) a division simultaneously satisfying democratic-ownership and 1/4-proportionality.
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Figure 5.2: A rectilinear polygon with 4 reflex vertexes (circled).

Cake Pieces Value guarantee Ownership
Arbitrary Arbitrary r/n for any r ∈ [0, 1] 1− r
Interval Intervals 1/(3n) Democratic

Rectangle Rectangles 1/(4n) Democratic
Convex 2-d Convex 2-d 1/(5n) Democratic

Rectilinear with T ref.vert. Rectangles 1/(4n + T) Democratic

Table 5.1: Summary of results for cake redivision: ownership and proportionality guarantees.

Theorem 5.4. When the cake is a 2-dimensional convex polygon and each piece must be convex, it is possible to find
in time O(n2 log n) a division simultaneously satisfying democratic-ownership and 1/5-proportionality.

Remark. In the interval, rectangle and convex settings, the geometric constraints are mostly harmless with-
out the ownership requirement: when the cake is an interval or a rectangle or a convex object, classic algo-
rithms for proportional cake-cutting, such as Even–Paz (Even and Paz, 1984), can be easily made to return
interval/rectangle/convex pieces by ensuring that the cuts are parallel. Similarly, the ownership require-
ment is easy to satisfy without the geometric constraints, as shown by Theorem 5.1. It is the combination
of these two requirements that leads to interesting challenges.

Our next result generalizes Theorem 5.3 to a cake that is a rectilinear polygon — a polygon all whose
angles are 90◦ or 270◦. Rectilinearity is a common assumption in polygon partition problems (Keil, 2000).
The "complexity" of a rectilinear polygon is characterized by the number of its reflex vertexes — vertexes
with a 270◦ angle. We denote the cake complexity by T. A rectangle — the simplest rectilinear polygon —
has T = 0. The cake in Figure 5.2 has T = 4 reflex vertexes.

Theorem 5.5. When the cake is a rectilinear polygon with T reflex vertexes, and each piece must be a rectangle, it
is possible to find in time O(n2 log n + poly(T)) a division satisfying democratic-ownership, in which each agent
receives at least 1/(4n + T) of the total cake value.2

Price-of-fairness

Redivision protocols can be used not only to compromise between old and new agents, but also to com-
promise between fairness and efficiency. Often, the most economically-efficient allocation is not fair, while
a fair allocation is not economically-efficient. The trade-off between fairness and efficiency is quantified
by the price-of-fairness (Bertsimas et al., 2011, 2012; Caragiannis et al., 2012; Aumann and Dombb, 2010).
It is defined as the worst-case ratio of the maximum attainable social-welfare to the maximum attainable
social-welfare of a fair allocation. The social welfare is usually defined as the arithmetic mean of the agents’
values (also called utilitarian welfare) or their geometric mean (also called Nash welfare, see Moulin (2004)
and Caragiannis et al. (2016)).

2The guarantee of 1/(4n + T) is calculated as a fraction of the total cake value. However, with a rectilinear cake and a rect-
angular piece, even a single agent cannot always get the entire cake value to itself. Therefore, one could think of an alternative
guarantee where the benchmark for each agent is the largest value that this agent can attain in a rectangle. For example, we could
guarantee each agent a fraction 1/(4n) of the value of its most valuable rectangle. However, such guarantee might be much worse
than the guarantee of Theorem 5.5. The proof in Appendix 5.A implies that the value of the most valuable rectangle might be as
small as 1/(T + 1) of the total cake value. Therefore, the alternative guarantee of 1/(4n) this value translates to a guarantee of
1/(O(n · T)) — much worse than the 1/(O(n + T)) guaranteed by Theorem 5.5.
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Cake Pieces Value guarantee Utilitarian price Nash price
Arbitrary Arbitrary r/n for any r ∈ [0, 1] 1/(1− r) 1
Interval Intervals 1/(3n) O(

√
n) 8.4

Rectangle Rectangles 1/(4n) O(
√

n) 11.2
Convex 2-d Convex 2-d 1/(5n) O(

√
n) 14

Table 5.2: Summary of price-of-fairness upper bounds, Note that the price is a ratio. This means that a
price of 1 means “no price”. Indeed, the Nash price of proportionality is 1, since the Nash-optimal division
is always envy-free, hence also proportional.

A redivision protocol can be used to calculate an upper bound on the price of fairness in the following
way. Take a welfare-maximizing allocation as the initial allocation; use a redivision protocol to produce a
partially-proportional allocation in which the utility of each agent is close to its initial utility; conclude that
the new welfare is close to the initial (maximal) welfare.

Without geometric constraints, we have the following upper bound:

Theorem 5.6. For every constant r ∈ [0, 1], the utilitarian-price of r-proportionality is at most 1/(1− r).

Note that when r = 1, the bound is infinity. Indeed, Caragiannis et al. (2012) proved that the price of
1-proportionality in this setting is Θ(

√
n), which is not bounded by any constant. Our results show that

by making a small compromise on the level of proportionality we can get a constant (independent of n)
bound on the utilitarian-price. The parameter r sets the level of trade-off between fairness and efficiency.

With geometric constraints, we have the following upper bounds:

Theorem 5.7. When the cake is an interval and each piece must be an interval, for every B ≥ 3:

• The utilitarian-price of (1/B)-proportionality is O(
√

n);

• The Nash-price of (1/B)-proportionality is at most 8.4.

Theorem 5.8. When the cake is a rectangle and each piece must be a rectangle, for every B ≥ 4:

• The utilitarian-price of (1/B)-proportionality is O(
√

n);

• The Nash-price of (1/B)-proportionality is at most 11.2.

Theorem 5.9. When the cake is convex polygon and each piece must be convex, ∀B ≥ 5:

• The utilitarian-price of (1/B)-proportionality is O(
√

n);

• The Nash-price of (1/B)-proportionality is at most 14.

Note that the first claim in Theorem 5.7 is subsumed by Aumann and Dombb (2010), who prove that the
utilitarian-price of 1-proportionality in this setting is Θ(

√
n). We bring this claim only for completeness.

The second claim in this theorem, as well as the following theorems which deal with two-dimensional
constraints, are not implied by previous results.

5.1.2 Related Work

Dynamic fair division

Our cake redivision problem differs from several division problems studied recently.

1. Dynamic resource allocation (Kash et al., 2013; Friedman et al., 2015) is a common problem in cloud-
computing environments. The server has several resources, such as memory and disk-space. Agents (pro-
cesses) come and depart. The server has to allocate the resources fairly among agents. When new agents
come, the server may have to take some resources from existing agents. The goal is to do the re-allocation
with minimal disruption to existing agents (Friedman et al., 2015). A different but related problem is the
food-bank problem, where a charity organization receives food donations and must decide on-line to whom
each donation should be allocated (Aleksandrov et al., 2015). In these problems, the resources are homo-
geneous, which means that the only thing that matters is what quantity of each resource is given to each
agent. In contrast, our cake is heterogeneous and different agents may have different valuations on it, so our
protocol must decide which parts of the cake should be given to which agent.
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2. Population monotonicity (Thomson, 1983; Moulin, 1990a, 2004; Thomson, 2011) is an axiom that de-
scribes a desired property of allocation rules. When new agents arrive and the same division rule is re-
activated, the value of all old agents should be weakly smaller than before. This axiom represents the
virtue of solidarity: if sacrifices have to be made to support an additional agent, then everybody should
contribute (Thomson, 1983). We, too, assume that old agents are taking part in supporting the new agents.
However, we add the ownership requirement, which means that old agents should be allowed to keep at
least some of their previous value. In addition, while their approach is axiomatic and mainly interested in
existence results, our approach is constructive and our goal is to provide an actual re-division protocol.

Recently, we have started to study monotonicity axioms, such as population-monotonicity and resource-
monotonicity, in the context of cake-cutting; see Sziklai and Segal-Halevi (2015).

3. Private endowment in economics resource allocation problems means that each agent is endowed with
an initial bundle of resources. Then, agents exchange resources using a market mechanism. The classic
problem in economics involves homogeneous resources, but it has also been studied in the cake-cutting
framework (Berliant and Dunz, 2004; Aziz and Ye, 2014). A basic requirement in these works is individual
rationality, which means that the final value allocated to each agent must be weakly larger than the value of
the initial endowment (note the contrast with the population monotonicity axiom). In our problem we do
not make this assumption as it is incompatible with fairness: since some agents may initially own no land,
individual rationality would mean that they might not receive anything in the exchange.

4. Online cake-cutting (Walsh, 2011) is characteristic of a birthday party in an office, in which some
agents come or leave early while others come or leave late. It is required to give some cake to agents who
come early while keeping a fair share to those who come late. In contrast to our model, there it is impossible
to re-divide allocated pieces, since they are eaten by their receivers. The fairness guarantees are inevitably
weaker.

5. Land reform is the re-division of land among citizens. It has been attempted in numerous countries
around the globe and in many periods throughout history. Some books on land reform are Powelson
(1988); Bernstein (2002); Rosset et al. (2006); Lipton (2009). The earliest recorded land-reform was done in
ancient Egypt in the times of King Bakenranef, 8th century BC. The most recent land-reform act has been
legislated in Scotland in 2016 AD. The balance between fairness and ownership rights is a major concern
in such reforms (Sellar, 2006; Hoffman, 2013; Wightman, 2015; MacInnes and Shields, 2015).

6. The cake-cutting procedures of Fink and Austin (Brams and Taylor, 1996, pages 40-44) handle a
situation in which all agents — old and new alike — are entitled to a proportional share; however, the
agents come sequentially. Initially two agents come and divide the land using cut-and-choose such that
each agent has a value of at least 1/2; then, the third agent comes and he should be given a part of each
existing piece such that each of the three agents (old and new alike) will have a value of at least 1/3;
and so on. This is different than our setting since the only requirement is proportionality — there is no
“ownership” requirement.

Price of fairness

The price-of-fairness has been studied in various contexts, such as routing and load-balancing (Bertsimas
et al., 2011, 2012) and kidney exchange (Dickerson et al., 2014). The price-of-fairness in cake-cutting has
been studied in two settings:

• The cake is a one-dimensional interval and the pieces must be intervals (Aumann and Dombb, 2010).
The utilitarian-price-of-proportionality in this case is Θ(

√
n).

• The cake is arbitrary and the pieces may be arbitrary (Caragiannis et al., 2012). The utilitarian-price-
of-proportionality in this case is Θ(

√
n) too.

Both papers study the price of other fairness criteria such as envy-freeness and equitability, but do not
study the price in Nash-welfare. Additionally, they do not handle two-dimensional geometric constraints
such as rectangularity or convexity.
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Several authors study the algorithmic problem of finding a welfare-maximizing cake-allocation alloca-
tion in various settings:

1. The cake is an interval and the pieces must be connected (Aumann et al., 2013);

2. The cake is an interval and the pieces must be connected, and additionally, the division must be
proportional (Bei et al., 2012);

3. The cake and pieces are arbitrary, and the division must be envy-free (Cohler et al., 2011).

4. The cake and pieces are arbitrary, and the division must be equitable (Brams et al., 2012).

5.2 Model

We briefly recall some terminology from Chapter 2 (see there for formal definitions).

• C is the cake to be divided. In this chapter it will be an interval or a polygon in R2.

• S is the family of pieces that are considered usable. In this chapter it will be the family of intervals,
rectangles or convex objects. An S-allocation is an allocation in which all pieces are elements of S.

• For each agent i ∈ {1, . . . , n}, Vi(Xi) is agent i’s value-measure of the piece Xi.

In this chapter, for every constant r ∈ (0, 1), an allocation X is called r-proportional if every agent receives at
least r/n of the total cake value:

∀i ∈ {1, . . . , n} : Vi(Xi) ≥
r
n
·Vi(C)

(note that this definition is slightly different than in the previous two chapters). A 1-proportional division
is usually called in the literature “proportional”.

5.2.1 Cake redivision

There is an existing S-allocation of the cake: Z1, . . . , Zn. It is assumed that the old pieces Zj are pairwise-
disjoint and ∀j : Zj ∈ S, but nothing else is assumed on the division. In particular, the initial division is not
necessarily proportional, and some of C may be undivided.

It is required to create a new S-allocation of C to all agents: X1, . . . , Xn. For every constant w ∈ (0, 1),
the re-allocation satisfies the w-ownership property if every agent receives at least a fraction w of its old
value:

∀j ∈ {1, . . . , n} : Vj(Xj) ≥ w ·Vj(Zj)

Since w-ownership is not always compatible with r-proportionality for any r > 0, we define the following
weaker property. A re-allocation satisfies the democratic-ownership property if, for every k ∈ {1, . . . , n},
there are at least n− k indexes j ∈ {1, . . . , n} for which:

Vj(Xj) ≥
1

dn/ke ·Vj(Zj).

5.2.2 Social-welfare and Price-of-fairness

In addition to fairness, it is often required that a division has a high social welfare. The social welfare of an
allocation is a certain aggregate function of the normalized values of the agents (the normalized value is
the piece value divided by the total cake value). Common social welfare functions are sum (utilitarian) and
product (Nash); see Moulin (2004). We normalize them such that the maximum welfare is 1:
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• Utilitarian welfare — the arithmetic mean of the agents’ normalized values:

Wutil(X) =
1
n ∑

i∈{1,...,n}

Vi(Xi)

Vi(C)

• Nash welfare — the geometric mean of the agents’ normalized values:

WNash(X) =

(
∏

i∈{1,...,n}

Vi(Xi)

Vi(C)

)1/n

The goal of maximizing the social welfare is not always compatible with the goal of guaranteeing a fair
share to every agent. For example, Caragiannis et al. (2012) describe a simple example in which the max-
imum utilitarian welfare of a proportional allocation is O(1/n) while the maximum utilitarian welfare of
an arbitrary (unfair) allocation is O(1/

√
n). This means that society has to pay a price, in terms of social-

welfare, for insisting on fairness. This is called the price of fairness. Formally, given a social welfare function
W and a fairness criterion F, the price-of-fairness relative to W and F (also called: "the W-price-of-F") is the
ratio:

supX W(X)

supY∈F W(Y)
(*)

where the supremum at the nominator is over all allocations X and the supremum at the denominator is
over all allocations Y that also satisfy the fairness criterion F. The cited example shows that the utilitarian-
price-of-proportionality might be Ω(

√
n).

When there are geometric constraints, they affect both the numerator and the denominator of (*), i.e,
the suprema are taken only on S-allocations. Therefore, it is not a-priori clear whether the price-of-fairness
with constraints is higher or lower than without constraints.

5.3 Arbitrary Cake and Arbitrary Pieces

This section proves Theorem 5.1, which assumes no geometric constraints on the cake or pieces. The main
lemma is:

Lemma 5.3.1. Given cake-allocations Z and Y and a constant r ∈ [0, 1], there exists an allocation X such that, for
every agent i:

Vi(Xi) ≥ rVi(Yi) + (1− r)Vi(Zi)

Moreover, when r is a constant rational number, X can be found using O(n2) mark/eval queries.

Proof. We first give an existential proof. Consider the set of all possible cake-partitions. For each cake-
partition, consider the n × 1 vector of utilities of the agents. The Dubins–Spanier theorem (Dubins and
Spanier, 1961) says that the set of all such vectors is convex. Therefore, there exists an allocation X satisfying
the requirement as an equality: ∀i : Vi(Xi) = rVi(Yi) + (1− r)Vi(Zi).

Since the Dubins–Spanier theorem (Dubins and Spanier, 1961) is not constructive, we give here a con-
structive protocol for creating the allocation Z when r is a rational number, r = p/q with p < q some
positive integers. For every pair of agents i, j (including when i = j), the protocol works as follows:

Step 1. Agent i divides the piece Zi ∩Yj to q pieces that are equal in its eyes.
Step 2. Agent j takes the p pieces that are best in its eyes.
Step 3. Agent i takes the remaining q− p pieces.
(Note that when i = j, agent i receives the entire piece Zi ∩Yi).

Each agent i is allocated a piece Xi which is a union of nq pieces: np pieces that agent i took from other
agents (including itself) in piece Yi and n(q− p) pieces that were left for agent i from other agents in piece
Zi.
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From every piece Yi ∩ Zj (for j ∈ {1, . . . , n}), agent i picks the best p out of q pieces, which give it a
value of at least p

q Vi(Yi ∩ Zj). Its total value of these np pieces is thus at least rVi(Yi).
In addition, from every piece Zi ∩ Yj (for j ∈ {1, . . . , n}), agent i receives q − p out of q equal pieces,

which give it a value of exactly q−p
q Vi(Zi ∩ Yj). Its total value of these n(q − p) pieces is thus exactly

(1− r)Vi(Zi).

Proof of Theorem 5.1. We are given a pair r, w where r + w ≤ 1. Apply Lemma 5.3.1, with:
Y — any proportional allocation, which can be found by classic protocols such as Steinhaus (1948); Even

and Paz (1984).
Z — the initial allocation.

The new division satisfies r-proportionality and (1− r)-ownership. By assumption 1− r ≥ w.

Note that the redivision protocol gives to each agent a piece that is not only worth at least (1− r)Vi(Zi),
but is also a subset of Zi (in addition to a subset of Yi). This may be desirable in some cases, e.g. in land
division, the old landlords may care not only about their value but also about getting a subset of their old
plot.

Remark. The O(n2) complexity assumes the integers p, q are constant (not part of the input). If they are
considered part of the input, then the complexity becomes linear in q which is exponential in the number
of input bits. The number of queries can be reduced using concepts from number theory, but this is beyond
the scope of this paper. See McAvaney et al. (1992); Robertson and Webb (1998) for details.

Finally we show that the balance guaranteed by Theorem 5.1 is asymptotically tight.

Proof of Proposition 5.1. We are given a pair r, w where r + w > 1. Consider the following scenario. In the
initial allocation, a single agent owns the entire cake. All n agents have the same value-density and they
value the entire cake as 1. In any r-proportional division, the n− 1 landless citizens must receive a total
value of (n− 1)r/n = r − r/n. Therefore the old landlord receives at most 1− r + r/n. By assumption,
1− r < w. Therefore, if n is sufficiently large, the old landlord receives less than w of his previous value,
so the division does not satisfy w-ownership.

5.4 Interval Cake and Interval Pieces

In this section, the cake is an interval in R. Each piece in the initial division is an interval in C and each piece
in the new division must be an interval in C. We begin by proving the impossibility result (Proposition 5.2),
using a lemma opposite to Lemma 5.3.1.

Lemma 5.4.1. Let Z be a connected allocation, r ∈ (0, 1) a positive constant and k ≤ n an integer. Then there
exist valuations such that, in every connected r-proportional allocation X, for every agent j ∈ {1, . . . , k}: Vj(Xj) ≤
Vj(Zi)/b n

k c.

Proof. Assume that the valuations are as follows. Each agent j ∈ {1, . . . , k} values the piece Zj as b n
k c and

the rest of the cake as 0. The value-density of j in Zj is piecewise-uniform: It has b n
k c regions with a value of

1 and b n
k c − 1 "gaps" — regions with a value of 0. The other n− k agents are divided to k groups of roughly

equal size: the size of each group is either b n−k
k c = b n

k c − 1 or d n−k
k e = d n

k e − 1. Each agent in group j
assigns a positive value only to a unique gap in the piece Zj (so when the group size is b n

k c − 1, each gap
is wanted by exactly one agent; otherwise, there is one gap wanted by two agents). The following figure
illustrates the value-densities that are positive in piece Z1. The solid boxes represent the value-density of
agent #1; each dotted box represents the value-density of a single agent from group #1.

In any positive division, each gap in Zj must be at least partially allocated to an agent in group j. Hence,
the interval allocated to agent j must contain at most a single positive region in Zj — it is not allowed to
overlap any gap. Therefore the value of agent j is at most Vj(Zj)/b n

k c.
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Proof of Proposition 5.2. Apply Lemma 5.4.1 with Z = the initial allocation.

To prove the matching positive result (Theorem 5.2), we introduce a protocol for fair division of an
"archipelago" — a cake made of one or more interval "islands".

Lemma 5.4.2. Let C be a cake made of m ≥ 1 pairwise-disjoint intervals: C = Z1 ∪ · · · ∪ Zm. There exists a
division X of C among n agents, in which (a) Each agent i receives an interval entirely contained in one of the islands:
∀i : ∃j : Xi ⊆ Zj, and (b) Each agent receives a value of at least Vi(C)/(n + m− 1). Moreover, X can be found
using O(mn log n) mark/eval queries.

Proof. We normalize the value measures of all agents such that the total value of C is n + m − 1. The
following recursive protocol allocates each agent an interval with a value of at least 1.

Base: m = 1. The cake is a single interval and its total value is n. Use the Even–Paz protocol (Even and
Paz, 1984) to allocate each agent an interval with a value of at least 1.
Step: m > 1.

1. Ask each agent i ∈ {1, . . . , n} to evaluate the island Zm.
2. Order the agents in descending order of their evaluation: V1(Zm) ≥ · · · ≥ Vn(Zm).
3. Let q be the largest integer such that Vq(Zm) ≥ q (or 0 is already V1(Zm) < 1).
4. If q = 0, discard the island Zm. Otherwise (q ≥ 1),

divide Zm proportionally among the agents {1, . . . , q} using Even–Paz protocol (Even and Paz,
1984).

5. Divide the remaining m− 1 islands recursively among the remaining n− q agents.

The descending order of the agents guarantees that: V1(Zm) ≥ · · · ≥ Vq(Zm) ≥ q. So in step #4, the
interval Zm is divided proportionally among q agents that value it as at least q, and each of these agents
receives an interval with a value of at least 1.

By definition of q, Vq+1(Zm) < q + 1 (this is true even when q = 0). By the descending order of the
agents, the same is true for all remaining agents {q + 1, . . . , n}. Therefore, all remaining agents value the
remaining cake as more than (m+ n− 1)− (q+ 1) = (n− q)+ (m− 1)− 1. Since there are n− q agents and
m− 1 islands, the recursive algorithm gives each agent an interval with value at least 1. The Even–
Paz protocol requires O(n log n) queries, and it is done at most m times, so the total number of queries is
O(mn log n).

Remark. The fraction of 1/(n + m− 1), guaranteed by Lemma 5.4.2, is the largest that can be guaranteed.
To see this, assume that all agents i ∈ {1, . . . , n} have the same value-measures — they value the islands
Z1, . . . , Zm−1 as 1 and the island Zm as n (so their total cake value is n + m− 1). The piece of every agent
must be entirely contained in a single island. If any agent receives a piece in islands Z1, . . . , Zm−1, then that
agent receives a value of at most 1. Otherwise, if all n agents receive a piece in Zm, then the value of at least
one agent is at most 1. In both cases, at least one agent receives a fraction of at most 1/(n + m− 1) the cake
value.

Proof of Theorem 5.2. Our protocol for re-division of an interval has three steps.

Step 1. Given the original partial allocation Z1 ∪ · · · Zn ⊆ C, extend it to a complete allocation
Z′1 ∪ · · · Z′n = C, by attaching each "blank" (unallocated interval in C) arbitrarily to one of the two
adjacent allocated intervals. This, of course, does not harm the old values: ∀j ∈ {1, . . . , n} : Vj(Z′j) ≥
Vj(Zj).

Step 2. For each agent j ∈ {1, . . . , n}, add a “helper agent” j∗ and assign it a value-density function
v∗j :

v∗j (x) = vj(x) if x ∈ Z′j
v∗j (x) = 0 if x /∈ Z′j

Use the protocol of Lemma 5.4.2 with n + n agents, regarding the cake C as an archipelago and the
pieces Z′1, . . . , Z′n as the islands.
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⇒

Figure 5.3: The allocation-completion step: input and output.

Step 3. Give each agent j ∈ {1, . . . , n} either the interval allocated to its normal agent j or the
interval allocated to its helper agent j∗, whichever is more valuable for it.

We now prove that the resulting allocation is 1/3-proportional and satisfies the democratic-ownership
property.

(a) Proof of 1/3-proportionality. We apply Lemma 5.4.2 with 2n agents and m = n islands. Each of the 2n
agents receives an interval contained in one of the pieces Z′1, . . . , Z′n, with a value of at least 1/((2n)+ n− 1)
its total cake value. This value is larger than 1/(3n).

(b) Proof of democratic-ownership. We focus on the n helper agents. First, by Lemma 5.4.2, every helper
agent j∗ must receive an interval contained in Z′j, since its value is positive only in the island Zj. Moreover,
by the pigeonhole principle, for every integer k ≤ n, at most k islands are populated by at least d n

k e normal
agents. Hence, at least n− k islands are populated by at most d n

k e − 1 normal agents. Adding the helper
agent, these islands are populated by at most d n

k e agents. Hence, the proportional allocation of step #4 in
the protocol of Lemma 5.4.2 gives these helper agents an interval subset of Z′j, which is worth for agent j at
least Vj(Z′j)/d n

k e.

5.5 Polygonal Cake and Polygonal Pieces

Rectangle cake and pieces. Initially, we assume that the cake is a rectangle in R2. Each piece in the initial
division is a rectangle parallel to C and each piece in the new division must be a rectangle parallel to C.

We would like to use the re-division protocol of Theorem 5.2. Steps #2 and #3 are easily adapted: the
Even–Paz protocol (Even and Paz, 1984) can operate on a rectangular cake, requiring the agents to make
cuts parallel to the cake sides. This guarantees that the pieces are rectangles.

However, there is one obstacle. Step #1, the allocation-completion step, is no longer trivial. We cannot
just attach each unallocated part of C to an allocated rectangle, since the result will not necessarily be a
rectangle. We still need to extend the initial partial allocation Z1 ∪ · · · Zn ⊆ C to a complete allocation, but
the number of rectangles in the complete allocation might be larger than n, since we might have unattached
blanks.

Our goal, then, is to find a partition of C to rectangles, Z′1 ∪ · · · Z′n+b = C, with b ≥ 0, such that every
input rectangle is contained in a unique output rectangle: ∀j ∈ {1, . . . , n} : Zj ⊆ Z′j. The additional b
rectangles are called blanks. In Step 3, we will have m = n + b islands and 2n agents, so the value guarantee
per agent will be 1/((2n) + (n + b)− 1) = 1/(3n + b− 1); therefore, we would like the number of blanks
b to be as small as possible.

An example of the input and output of the allocation-completion step is shown in Figure 5.3. Here,
b = 1 since there is one blank — Z′5. In this case b = 1 is minimal.

Convex cake and pieces. The situation is similar when C is convex and the pieces should be convex.
The Even–Paz protocol can operate on a convex cake, requiring the agents to make cuts parallel to the
each other. This guarantees that the pieces will be convex. In Step #1, a similar challenge arises. We
have an initial partial allocation Z1 ∪ · · · Zn ⊆ C, where each Zj is convex. We need a complete allocation
Z′1 ∪ · · · Z′n+b = C, where each Z′j is convex, every input piece is contained in a unique output piece, and
the number of blanks b is minimal.
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Rectilinear cake and rectangular pieces. There are efficient algorithms for partitioning a rectilinear poly-
gon to a minimal number of rectangles. A rectilinear polygon with T reflex vertexes can be partitioned in
time O(poly(T)) to at most T + 1 rectangles (Keil, 2000; Eppstein, 2010), and this bound is tight when the
vertexes of C are in general position. Our goal is to bound b — the number of blank rectangles. Therefore,
it is expected that the bound should depend on T, in addition to m.

The allocation-completion step for all two-dimensional settings is handled by the Akopyan and Segal-
Halevi (2016), who prove the following lemma:

Lemma 5.5.1 ((?)). There is an O(m)-time algorithm that extends a partial allocation Z1 ∪ · · · Zm ⊆ C to a complete
allocation Z′1 ∪ · · · Z′m+b = C, such that there are:

(a) at most m− 2
√

m−O(1) rectangular blanks when the cake & pieces are parallel rectangles:
(b) at most 2m− 5 convex blanks when the cake and pieces are convex polygons;
(c) at most m + T − 2

√
m−O(1) rectangular blanks when the cake is rectilinear with T reflex vertexes and the

pieces are rectangles. In this case the run-time is O(m + poly(T)).
The numbers of blanks in all cases are tight.

Proof of Theorems 5.3, 5.4 ,5.5 . Use the protocol of Theorem 5.2, plugging into Step #1 the algorithm of
Lemma 5.5.1 with m = n. The value per agent is at least 1/(3n + b− 1), which is:

(a) at least 1/(4n− 2
√

n) > 1/(4n) in the rectangle case — satisfying 1/4-proportionality;
(b) at least 1/(5n− 6) ≥ 1/(5n) in the convex case — satisfying 1/5-proportionality;
(c) at least 1/(4n + T − 2

√
n) > 1/(4n + T) in the rectilinear case.

5.6 Price-of-Fairness Bounds

In this section, our redivision protocols are used to prove upper bounds on the price of partial-proportion-
ality.

Theorem 5.6 follows directly from Theorem 5.1 by taking the original division to be a utilitarian-optimal
division.

The proofs of Theorems 5.7, 5.8 and 5.9 are similar; only the constants are different. We present below
only the proof of Theorem 5.8; to get the proofs of the other theorems, replace the constant "4" with "3" or
"5" respectively.

The first part of Theorem 5.8 — regarding the utilitarian price — is proved by the following:

Lemma 5.6.1. Let Z be a utilitarian-optimal rectangular division of a cake C among n agents who value the entire
cake C as 1. Let U be the utilitarian welfare of Z:

U :=
1
n

n

∑
j=1

Vj(Zj)

Then, there exists a (1/4)-proportional rectangular allocation of C to these same n agents with utilitarian welfare W,
such that U/W ∈ O(n1/2).

Proof. Apply the redivision protocol of Section 5.5 to the existing division by setting m = n and treating
all n agents as "old". The partial-proportionality guarantee of that protocol ensures that the new division
is 1/4-proportional. The partial-ownership of that protocol ensures that for every integer k ∈ {0, . . . , n},
there is a set Sk containing at least n− k agents whose value is more than max( kVj(Zj)

2n , 1
4n ). Renumber the

agents in the following way. Pick an agent from Sn−1 (which contains at least one agent) and number it
n − 1. Pick an agent from Sn−2 (which contains at least one other agent) and number it n − 2. Continue
this way to number the agents by k = n − 1, . . . , 0. Now, the utilitarian welfare of the new division is
lower-bounded by:

W >
1
n

n−1

∑
k=0

max(
kVk(Zk)

2n
,

1
4n

) ≥ 1
n
· 1

4n
·

n−1

∑
k=0

max(kVk(Zk), 1)

and the utilitarian welfare ratio is at most:

U
W

< 4n · ∑n−1
k=0 Vk(Zk)

∑n−1
k=0 max(k ·Vk(Zk), 1)
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Denote the ratio in the right-hand side by NUM
DEN . Let ak = Vk(Zk), so that NUM = ∑n−1

k=0 ak and DEN =

∑n−1
k=0 max(k · ak, 1). To get an upper bound on U/W, we find a sequence a0, . . . , an−1 that maximizes NUM

DEN
subject to ∀k : 0 ≤ ak ≤ 1.

Observation 1. in a maximizing sequence, a0 = 1 and there is no k > 0 such that ak < 1/k. Proof :
Setting such ak to 1/k increases NUM and does not change DEN.

Observation 2. A maximizing sequence must be weakly-decreasing (for all k < k′, ak′ ≥ ak). Proof : if
there exists k < k′ such that ak < ak′ , then we can swap ak with ak′ . This does not change NUM but strictly
decreases DEN.

Observation 3. In a maximizing sequence, there is no k > 0 such that 1/k < ak < 1. Proof:3 If
1/k < ak < 1 then for some sufficiently small ε > 0, both ak + ε and ak − ε are in (1/k, 1) and replacing
ak with ak ± ε makes the ratio strictly smaller than the maximum. Replacing ak with ak + ε makes the ratio
NUM+ε
DEN+kε ; this new ratio is smaller than NUM

DEN so ε ·DEN < kε ·NUM. Replacing ak with ak − ε makes the
ratio NUM−ε

DEN−kε ; that new ratio is smaller than NUM
DEN so−ε ·DEN < −kε ·NUM. But the two latter inequalities

ε ·DEN < kε ·NUM and −ε ·DEN < −kε ·NUM are contradictory. Hence, the assumption 1/k < ak < 1
is false.

Observations 1-3 imply that a maximizing sequence has a very specific format. It is characterized by an
integer l ∈ {0, . . . , n− 1} such that, for all k ≤ l, ak = 1 and for all k ≥ l + 1, ak = 1/k. So:

NUM
DEN

=
∑n−1

k=0 ak

∑n−1
k=0 max(k · ak, 1)

=
(l + 1) + (Hn−1 − Hl)
1
2 l(l + 1) + (n− l − 1)

<
2(l + Hn + 1)

l2 − l + 2(n− 1)

where Hn = ∑n
k=1(1/k) is the n-th harmonic number.

The number l is integer, but the expression is bounded by the maximum attained when l is allowed
to be real. By standard calculus we get that the real value of l which maximizes the above expression is
l =

√
2(n− 1) + (Hn + 1)(Hn + 2)− (Hn + 1) = Θ(

√
n). Substituting into the above inequality gives:

NUM
DEN

≤ Θ(n1/2)

Θ(n)
= Θ(n−1/2) =⇒ U

W
< 4n · NUM

DEN
= O(n1/2)

as claimed.

The second part of Theorem 5.8 — regarding the Nash price — is proved by the following:

Lemma 5.6.2. Let Z be a Nash-optimal rectangular division of a cake C among n agents who value the entire cake C
as 1. Let U be the Nash welfare of Z (the geometric mean of the values):

Un =
n

∏
j=1

Vj(Zj)

Then, there exists a (1/4)-proportional rectangular allocation of C to these same n agents with Nash welfare W, and
U/W < 11.2.

Proof. Apply the redivision protocol of Section 5.5 to redivide the existing n pieces among the n agents.
Renumber the agents as in Lemma 5.6.1. The Nash welfare of the new division, raised to the n-th power,
can be bounded as:

Wn >
n−1

∏
k=0

max(
k ·Vk(Zk)

2n
,

1
4n

) ≥ (
1

4n
)n

n−1

∏
k=0

max(k ·Vk(Zk), 1)

and the ratio of the new welfare to the previous welfare can be bounded as:

Un

Wn < (4n)n · ∏n−1
k=0 Vk(Zk)

∏n−1
k=0 max(kVk(Zk), 1)

=
(4n)n

∏n−1
k=0 max(k, 1/Vk(Zk))

The nominator does not depend on the valuations, so the ratio is maximized when the denominator is
minimized. This happens when each factor in the product is minimized. The minimal value of the 0-th

3We are grateful to Varun Dubey for suggesting this proof in: http://math.stackexchange.com/q/1609071/29780
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factor is 1 and the minimal value of the other factors is k. Hence:

Un

Wn <
(4n)n

∏n−1
k=1 k

=
(4n)n

(n− 1)!
=

n(4n)n

n!
≈ n(4n)n
√

2πn(n/e)n
=

√
n

2π
· (4e)n

where e is the base of the natural logarithm. Taking the n-th root gives U/W < (4e) ·
√

n/2π
1/n

. A

calculation in Wolfram Alpha shows that the rightmost term
√

n/2π
1/n

is bounded globally by 1.03, so all
in all U/W < 1.03 · 4 · e < 11.2 as claimed.

5.7 Conclusions and Future Work

Two-dimensional division , the price-of-fairness and the re-division problem are relatively new topics, and
there is a lot of room for future research in each of them.

5.7.1 Handling other geometric constraints

Two steps in our redivision algorithm are sensitive to the geometric constraint: the allocation-completion
algorithm (Step #1 in Theorem 5.2), and the Even–Paz protocol (Step #4 in Lemma 5.4.2). We describe how
these steps are affected by several alternative constraints.

1. Convexity in three or more dimensions. The Even–Paz protocol can easily operate on a multi-dimensional
convex object, requiring the agents to cut using hyper-planes parallel to each other. However, we currently
do not have an allocation-completion algorithm for convex objects (or even for boxes) in three or more
dimensions.

2. Path-connectivity in two dimensions. If the pieces have to be path-connected but not necessarily
convex, then the allocation-completion step is much easier and no blanks are created (Akopyan and Segal-
Halevi, 2016). However, it is not clear how to use the Even–Paz protocol in this case: when the cake is
connected but not convex, making parallel cuts might create disconnected pieces.

3. Fatness. A fat object is an object with a bounded length/width ratio, such as a square. Fatness makes
sense in land division: if you are entitled to a 900 square meters of land, you will probably prefer to get them
as a 30× 30 square or a 45× 20 rectangle rather than 9000× 0.1 sliver. A division problem with fatness
requirement cannot be reduced to one-dimensional division. There exist specialized division protocols
that support fatness constraints Segal-Halevi et al. (2015a); ? and they can be used instead of the Even–Paz
protocol. However, we do not have an allocation-completion algorithm with fatness constraints.

4. Two pieces per agent. Theorem 5.1 allows an unlimited number of pieces per agent, while the other
theorems allow only a single piece per agent. We do not know what happens between these two extremes.
For example, if the cake is a one-dimensional interval and each agent can get at most two intervals, what
ownership-proportionality combinations are attainable?

5.7.2 Handling other fairness requirements

1. Envy-freeness. In this paper we took proportionality as a benchmark of fairness. An alternative bench-
mark is envy-freeness. Envy-freeness means that each agent values its piece at least as much as each of the
other pieces. Similarly, r-envy-freeness means that each agent values its piece as at least r times the value
of each of the other pieces. For what pairs r, w is r-envy-freeness compatible with w-ownership? With
democratic-ownership?

2. Pareto-efficiency. From an existential point of view, Pareto-efficiency does not add much difficulty.
Both r-proportionality and w-ownership are preserved by Pareto-improvements. therefore, if there exists
a division satisfying r-proportionality and w-ownership (or democratic-ownership), then there also exists
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a Pareto-optimal division satisfying these properties. However, the algorithmic task of finding such a
division is not yet solved.

Note that Pareto-efficiency is “automatically” satisfied when the division is connected, envy-free, and
all value-densities are strictly positive (Brams and Taylor, 1996, page 150).

5.7.3 Improving the constants

Our redivision protocol is 1/3 or 1/4 or 1/5-proportional (depending on the geometric constraint). We see
two potential ways to improve these numbers.

1. In Step #2 of our redivision protocol, we add n helper agents, so the total number of agents is 2n.
However, in the Step #3, each agent chooses either its helper or its normal agent, while the other agent is
“wasted”. If we could know the n choices of the agents in advance, we could employ only n agents overall
and this would subtract 1 from the constant (the constants would become 1/2 or 1/3 or 1/4). One way
to analyze this scenario is to define a strategic game in which each agent has two possible strategies: “nor-
mal” vs. “helper”. A pure-strategy Nash equilibrium in this game corresponds to an allocation satisfying
the partial-proportionality and the democratic-ownership requirements. We conjecture that a pure-strategy
Nash equilibrium indeed exists. While finding a Nash equilibrium is usually a computationally-hard prob-
lem, it may be useful as an existential result.

2. In Lemma 5.4.2, we treat each existing piece Zj as an "island" and insist that each new piece be entirely
contained in an existing piece, i.e, we do not cross the existing division lines. This may be desirable in the
context of land division, since it respects the Uti Possidetis principle (Lalonde, 2002). However, it implies
that the resulting division can only be partially-proportional and never fully proportional (as shown by the
remark following Lemma 5.4.2). It may be possible to improve the proportionality guarantees by devising
a different redivision procedure that does cross the existing division lines. This may require some new
geometric techniques.

These possibilities invoke the following open question: what is the highest level of proportionality that
is compatible with democratic-ownership?

5.7.4 Price-of-fairness

It is not clear whether the upper bounds of our Theorems 5.6-5.9 are tight.
In particular, for the case of interval cake and interval pieces, there is a lower bound of Ω(

√
n) on the

utilitarian price of proportionality. However, we could not generalize it to the price of partial proportion-
ality, and it is interesting to know which of the following two options is correct: (a) there is a lower bound
of Ω(

√
n) matching our Theorem 5.7, or (b) the actual price of partial-proportionality is o(

√
n). The latter

option would imply that partial-proportionality is asymptotically "cheaper" than full proportionality, in
social welfare terms.

Regarding the Nash price-of-fairness, it is known (Sziklai and Segal-Halevi, 2015) that with arbitrary
pieces, every Nash-optimal allocation is envy-free (hence also proportional), so the Nash price of envy-
freeness (hence, of proportionality) is 1. However, this is not true when the pieces must be connected. We
do not have a lower bound for this case.
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Chapter 5 Appendix
5.A Fair Division of a Rectilinear Polygon

This appendix shows what proportionality guarantees are possible when the cake is a rectilinear polygon,
the pieces have to be rectangles (parallel to the sides of the cake), and there are no ownership requirements.
It can be seen as a baseline for Theorem 5.5.

Lemma 5.A.1. Let C be a rectilinear polygon with T reflex vertexes. It is possible to divide C among n agents such
that the value of each agent is at least 1/(n + T) of the total cake value:

∀i ∈ {1, . . . , n} : Vi(Xi) ≥
Vi(C)
n + T

The fraction 1/(n + T) is the largest that can be guaranteed.

Proof. A rectilinear polygon with T reflex vertexes can be partitioned in time O(poly(T)) to at most T + 1
rectangles (Keil, 2000; Eppstein, 2010). Denote these rectangles by Zj, so that:

C = Z1 ∪ · · · ∪ ZT+1

Apply the archipelago-division protocol of Lemma 5.4.2 with m = T + 1. The value-guarantee per
agent is at least 1/(n + m− 1) which is at least 1/(n + T), as claimed.

For the upper bound, consider a staircase-shaped cake with T + 1 stairs. as illustrated below (for T = 4):

All agents have the same value-measure, which is concentrated in the diamond-shapes: the top diamond
is worth n and each of the other diamonds is worth 1 (so for all agents, the total cake value is n + T).

Any rectangle in C can touch at most a single diamond. There are two cases:
(a) All n agents touch the top diamond. Then, their total value is n and at least one of them must receive

a value of at most 1.
(b) At least one agent touches one of the T bottom diamonds. Then, the value of that agent is at most 1.
In any case, at least one agent receives at most a fraction 1/(n + T) of the total cake value, as claimed.
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Chapter 6

Family Ownership
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6.1 Introduction

In most fair division problems, the resource is divided among individual agents, and the fairness of a
division is assessed based on the valuation of each agent. However, in real life, goods are often owned and
used by groups. As an example, consider a land-estate inherited by k families, or a nature reserve that has to
be divided among k states. The land should be divided to k pieces, one piece per group. Each group’s share
is then used by all members of the group simultaneously. The land-plot allotted to a family is inhabited
by the entire family. The share of the nature-reserve alloted to a state becomes a national park open to
all citizens of that state. In economic terms, the alloted piece becomes a "club good" (Buchanan, 1965).
The happiness of each group member depends on his/her valuation of the entire share of the group. But,
in each group there are different people with different valuations. The same division can be considered
proportional by some family members and not proportional by other members of the same family. The
main question in this chapter is:

How should we assess the fairness of a division among families?
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6.1.1 Results

One option that comes to mind is to aggregate the valuations in each family to a single family valuation
(also known as: collective welfare function). Following the utilitarian tradition (Bentham, 1789), the family-
valuation can be defined as the sum or (equivalently) the arithmetic average of the valuations of all family
members. We call a division average-proportional if every family receives a share with an average value
(averaged over all family members) of at least 1/k of its average value of the entire cake. This defini-
tion makes the family-division problem easy, since each family can be regarded as a single agent, so the
problem reduces to fair division among k agents. Classic results (Steinhaus, 1948) imply that an average-
proportional division always exists (Section 6.3).

The problem with average-proportionality is that it makes sense only when the numeric values of the
agents’ valuations are meaningful and they are all measured in the same units, e.g. in dollars (see chapter
3 of Moulin (2004) for some real-life examples of such situations). However, if the valuations represent
individual happiness measures that cannot be put on a common scale, then their sum is meaningless, and
other fairness criteria should be used.

A second option is to require that all members of every family agree that the division is fair. We call a
division unanimous-proportional if every agent values his/her family’s share as at least 1/k of the total
value. The advantage of this definition is that it does not need to assume that all valuations share a common
scale. A unanimous-proportional division always exists (Section 6.4).

A disadvantage of unanimous-proportionality, compared to average-proportionality, is that unani-
mous-proportional divisions might be highly fractional. As an illustration, if the cake is an interval, then
there always exists an average-proportional division in which each family receives an interval. However, a
unanimous-proportional division in which each family receives an interval might not exist, and moreover,
in all unanimous-proportional divisions, the total number of intervals might have to be at least n - the
number of agents (Section 6.4). When the number of agents is large, as in the case of dividing land between
states, such divisions might be impractical.

In democratic societies, decisions are almost never accepted unanimously. In fact, when the number of
citizens is large, it may be impossible to attain unanimity on even the most trivial issue. The simplest de-
cision rule in such societies is the majority rule. Inspired by this rule, we suggest a third fairness criterion.
We call a division democratic-proportional if at least half the citizens in each family value their family’s
share as at least 1/k. This definition can be justified according to the following process. After a division is
proposed, each group conducts a referendum in which each citizen approves the division if he/she feels
that the division is proportional. The division is implemented only if, in every group, at least half of its
members approve it. The democratic-proportionality criterion combines some advantages of the other two
criteria. It is similar to unanimous-proportionality in that it does not need to assume that all valuations
share a common scale. When there are k = 2 families with equal rights, it is similar to average-propor-
tionality in that it can be satisfied with connected pieces - there always exists a democratic-proportional
division in which each family receives a single connected piece. An additional advantage of democratic-
proportionality in this case is that it can be found by an efficient division protocol (Section 6.5). 1

The present paper compares the three fairness criteria in different settings: the number of families can
be two or more than two, and the entitlements of the families can be equal or different. In the common
case when there are two families with equal entitlements, democratic-proportionality is apparently the
most practical criterion, since it guarantees the existence of connected divisions without assuming a com-
mon utility scale. Although democratic-fairness might leave up to half the citizens unhappy, this may be
unavoidable in real-life situations. This adds an aspect to Winston Churchil’s dictum: “democracy is the
worst form of government, except all the others that have been tried”.

6.1.2 Related Work

Group-envy-freeness and on-the-fly coalitions

Berliant et al. (1992); Hüsseinov (2011) study the concept of group-envy-free cake-cutting. Their model is the
standard cake-cutting model in which the cake is divided among individuals (and not among families as in
our model). They define a group-envy-free division as a division in which no coalition of individuals can

1In contrast, average-proportional and unanimous-proportional allocations cannot be found by any finite protocol. We omit
the details here since the present chapter focuses on existence rather than computational efficiency. More details can be found in
Segal-Halevi and Nitzan (2016).
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take the pieces allocated to another coalition with the same number of individuals and re-divide the pieces
among its members such that all members are weakly better-off. Coalitions are also studied by Dall’Aglio
et al. (2009); Dall’Aglio and Di Luca (2014).

In our setting, the families are pre-determined and the agents do not form coalitions on-the-fly. In an
alternative model, in which agents are allowed to form coalitions based on their preferences, the family-
cake-cutting problem becomes easier. For instance, it is easy to achieve a unanimous-proportional division
with connected pieces between two coalitions: ask each agent to mark its median line, find the median of
all medians, then divide the agents to two coalitions according to whether their median line is to the left or
to the right of the median-of-medians.

Fair division with public goods

In our setting, the piece given to each family is considered a "public good" in this specific family. The
existence of fair allocations of homogeneous goods when some of the goods are public has been studied
e.g. by Diamantaras (1992); Diamantaras and Wilkie (1994, 1996); Guth and Kliemt (2002). In these studies,
each good is either private (consumed by a single agent) or public (consumed by all agents). In the present
paper, each piece of land is consumed by all agents in a single family - a situation not captured by existing
public-good models.

Family preferences in matching markets

Besides land division, family preferences are important in matching markets, too. For example, when
matching doctors to hospitals, usually a husband and a wife who are both doctors want to be matched
to the same hospital. This issue poses a substantial challenge to stable-matching mechanisms (Klaus and
Klijn, 2005, 2007; Kojima et al., 2013; Ashlagi et al., 2014).

Fairness in group decisions

The notion of fairness between groups has been studied empirically in the context of the well-known ulti-
matum game. In the standard version of this game, an individual agent (the proposer) suggests a division of
a sum of money to another individual (the responder), which can either approve or reject it. In the group
version, either the proposer or the responder or both are groups of agents. The groups have to decide
together what division to propose and whether to accept a proposed division.

Experiments by Robert and Carnevale (1997); Bornstein and Yaniv (1998) show that, in general, groups
tend to act more rationally by proposing and accepting divisions which are less fair. Messick et al. (1997)
studies the effect of different group-decision rules while Santos et al. (2015) uses a threshold decision rule
which is a generalized version of our majority rule (an allocation is accepted if at least M agents in the
responder group vote to accept it).

These studies are only tangentially relevant to the present paper, since they deal with a much simpler di-
vision problem in which the divided good is homogeneous (money) rather than heterogeneous (cake/land).

Non-additive utilities

As explained in Sections 6.4 and 6.5, the difficulty with unanimous-proportionality and democratic-pro-
portionality is that the associated family-valuation functions are not additive. In the previous chapters we
encountered value-functions that are not additive because of the geometry; here, the value-functions are
not additive because of the family constraints. See subsection 4.1.2 on page 60 for related work.

6.2 Model

We briefly recall some terminology from Chapter 2 (see there for formal definitions).

• C is the cake to be divided. In this chapter we return to the one-dimensional model and assume that
C is an interval in R.

• n is the number of agents participating in the division. In this chapter, n is the total number of agents
in all families together.
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• For each agent i ∈ {1, . . . , n}, Vi(Xi) is agent i’s value-measure of the piece Xi. In this chapter we
adapt the normalization assumption common in the cake-cutting literature, and assume that ∀i :
Vi(∅) = 0, Vi(C) = 1.

6.2.1 Families and entitlements

There are k families, denoted by Fj, j ∈ {1, ..., k}.
The number of agents in Fj is nj. Each agent is a member of exactly one family, so n = ∑k

j=1 nj.
For each family j, there is a positive weight wj representing the entitlement of this family. The sum of

all weights is one: ∑k
j=1 wj = 1.

In the simplest setting, the families have equal entitlements, i.e, for each j ∈ {1, . . . , k}: wj = 1/k. Equal
entitlements make sense, for example, when k married siblings inherit their parents’ estate. While an heir
will probably like to take his family’s preferences into account when selecting a share, each heir is entitled
to 1/k of the estate regardless of the size of his/her family.

In general, each family may have a different entitlement. The entitlement of a family may depend on
its size but may also depend on other factors. For example, when two states jointly discover a new island,
they will probably want to divide the island between them in proportion to their investment and not in
proportion their population.

6.2.2 Allocations and components

An allocation is a vector of k pieces, X = (X1, . . . , Xk), one piece per family, such that the Xj are pairwise-
disjoint and ∪jXj = C.

Each piece is a finite union of intervals. We denote by Comp(Xj) the number of connected components
(intervals) in the piece Xj, and by Comp(X) the total number of components in the allocation X, i.e:

Comp(X) =
k

∑
j=1

Comp(Xj)

Ideally, we would like that each piece be connected, i.e, ∀i : Comp(Xi) = 1 and Comp(X) = k. This
requirement is especially meaningful when the divided resource is land, since a contiguous piece of land
is much easier to use than a collection of disconnected patches.

However, a division with connected pieces is not always possible. Several countries have a discon-
nected territory. A striking example is the India-Bangladesh border. According to Wikipedia,2 “Within the
main body of Bangladesh were 102 enclaves of Indian territory, which in turn contained 21 Bangladeshi
counter-enclaves, one of which contained an Indian counter-counter-enclave... within the Indian mainland
were 71 Bangladeshi enclaves, containing 3 Indian counter-enclaves”. Another example is Baarle-Hertog -
a Belgian municipality made of 24 separate parcels of land, most of which are exclaves in the Netherlands.3

In case a division with connected pieces is not possible, it is still desirable that the number of connec-
tivity components - Comp(X) - be as small as possible. This is a common requirement in the cake-cutting
literature. When the cake is an interval, the components are sub-intervals and their number is one plus
the number of cuts. Hence, the number of components is minimized by minimizing the number of cuts
(Robertson and Webb, 1995; Webb, 1997; Shishido and Zeng, 1999; Barbanel and Brams, 2004, 2014). In a
realistic, 3-dimensional world, the additional dimensions can be used to connect the components, e.g, by
bridges or tunnels. Still, it is desirable to minimize the number of components in the original division in or-
der to reduce the number of required bridges/tunnels. The goal of minimizing the number of components
is also pursued in real-life politics. Going back to India and Bangladesh, after many years of negotiations
they finally started to exchange most of their enclaves during the years 2015–2016. This is expected to
reduce the number of components from 200 to a more reasonable number.

2Wikipedia page “India–Bangladesh enclaves”.
3Wikipedia page “Baarle-Hertog”. Many other examples are listed in Wikipedia page “List of enclaves and exclaves”. We are

grateful to Ian Turton for the references.

105



6.2.3 Three fairness criteria

To define the criterion of average-proportionality, consider the following family-valuation functions:

Wavg
j (Xj) =

∑i∈Fj
Vi(Xj)

nj
for j ∈ {1, ..., k}.

An allocation X is called average-proportional if

∀j ∈ {1, . . . , k} : Wavg
j (Xj) ≥ wj

An allocation X is called unanimous-proportional if:

∀j ∈ {1, . . . , k} : ∀i ∈ Fj : Vi(Xj) ≥ wj

An allocation X is called democratic-proportional if for all j ∈ {1, . . . , k}, for at least half the members
i ∈ Fj:

Vi(Xj) ≥ wj

where wj is the entitlement of family j.
Of these three fairness criteria, unanimous-proportionality is clearly the strongest: it implies both aver-

age-proportionality and democratic-proportionality. The other two definitions do not imply each other, as
shown in the following example.

Consider a land-estate consisting of four districts. It has to be divided between two families: (1) {Al-
ice,Bob,Charlie} and (2) {David,Eva,Frankie}. The families have equal entitlements, i.e, w1 = w2 = 1/2.
Each member’s valuation of each district is shown in the table below:

Alice 60 30 3 3
Bob 50 40 3 3

Charlie 10 80 3 3
David 3 3 60 30

Eva 3 3 60 30
Frankie 3 3 0 90

Note that the value of the entire land is 96 according to all agents, so proportionality implies that each
family should get at least 48.

If the two leftmost districts are given to family 1 and the two rightmost districts are given to family 2,
then the division is unanimous-proportional, since each member of each family feels that his family’s share
is worth 90. This division is also, of course, average-proportional and democratic-proportional.

If only the single leftmost district is given to family 1 and the other three districts are given to family
2, then the division is still democratic-proportional, since Alice and Bob feel that their family received more
than 48. However, Charlie feels that his family received only 10, so the division is not unanimous-propor-
tional. Moreover, the division is not average-proportional since the average valuation of family 1 is only
(60+50+10)/3=40.

If the three leftmost districts are given to family 1 and only the rightmost district is given to family 2,
then the division is average-proportional, since family 2’s average valuation of its share is (30+30+90)/3=50.
However, it is not unanimous-proportional and not even democratic-proportional, since David and Eva
feel that their share is worth only 30.

A property of cake partitions is called feasible if for every k families and n agents there exists an alloca-
tion satisfying this property. Otherwise, the property is called infeasible. In the following sections we study
the feasibility of the three fairness criteria in turn.

6.3 Average fairness

Given any n additive value functions Vi, the k family-valuations Wavg
j defined above are also additive.

Therefore, the family cake-cutting problem can be reduced to the classic problem of cake-cutting among
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individuals: there are k individual agents, indexed by j ∈ {1, . . . , k}, and the valuation of agent j is the
additive value measure Wavg

j . This implies the following easy positive result:

Theorem 6.3.1. When families have equal entitlements, average-proportionality with connected pieces is feasible.

Proof. This follows from classic results proving the existence of connected proportional allocations for in-
dividual agents (Steinhaus, 1948; Even and Paz, 1984).

The situation is more difficult with different entitlements, as shown by the following negative result.

Theorem 6.3.2. When families have different entitlements, average-proportionality with connected pieces may be
infeasible. Moreover, at least 2k− 1 components may be required to attain an average-proportional allocation.

Proof. Suppose there are k families, the entitlement of family 1 is k2

k2+k−1 and the entitlement of each of the
the other families is 1

k2+k−1 . The cake consists of 2k− 1 districts and the average family valuations in these
districts are:

Family 1 1 0 1 0 1 0 1 ... 1 0 1
Family 2 0 1 0 0 0 0 0 ... 0 0 0
Family 3 0 0 0 1 0 0 0 ... 0 0 0
Family 4 0 0 0 0 0 1 0 ... 0 0 0

... ...
Family k 0 0 0 0 0 0 0 ... 0 1 0

Family 1 must receive more than (k − 1)/k of the cake, so it must receive a positive slice of each of its k
positive districts. But, it cannot receive a single interval that touches two of its positive districts, since such
an interval will leave one of the other families with zero value. Therefore, family 1 must receive at least k
components. Each of the other families must receive one component, so the total number of components is
at least 2k− 1.

We do not know if the lower bound of 2k − 1 is tight even for individual agents.4 Interestingly, our
results on unanimous-proportional division with different entitlements can be used to attain a non-trivial
upper bound on the number of cuts required for dividing a cake among k individuals with different enti-
tlements.

Lemma 6.3.3. Given k agents with different entitlements, a proportional division with dlog2 ke · (2k − 2) + 1
components is feasible.

Proof. In Theorem 6.4.7 we will prove that, given n agents in k families with different entitlements, a unan-
imous-proportional division with dlog2 ke · (2n− 2) + 1 components is feasible. Now, suppose each family
has a single member and let n = k.

This immediately implies the same upper bound for average-proportionality:

Theorem 6.3.4. Given k families with different entitlements, an average-proportional division with dlog2 ke · (2k−
2) + 1 components is feasible.

This matches the lower bound of 2k− 1 for k = 2 families, but leaves a gap for k ≥ 3 families.

6.4 Unanimous fairness

Before presenting our results, we note that unanimous-proportionality, like average-proportionality, can
also be defined using family-valuation functions. Define:

Wmin
j (Xj) := min

i∈Fj
Vi(Xj) for j ∈ {1, ..., k}.

4McAvaney et al. (1992); Robertson and Webb (1997, 1998) discuss the computational aspect of this question - how many
intermediate "cut" marks are required (mainly for two agents). But they do not discuss the existential question of how many cuts
are needed in the final division.
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Then, a division is unanimous-proportional if-and-only-if:

∀j : Wmin
j (Xj) ≥ wj

However, in contrast to the functions Wavg defined in Section 6.3, the functions Wmin are in general not
additive. For example, consider a cake with three districts and a family with the following valuations:

C1 C2 C3 C1 ∪ C2 ∪ C3

Alice 1 1 1 3 = 1 + 1 + 1
Bob 0 2 1 3 = 0 + 2 + 1

Charlie 0 1 2 3 = 0 + 1 + 2
Wmin 0 1 1 3 > 0 + 1 + 1

While the individual valuations are additive, Wmin is not additive (it is not even subadditive). Therefore,
the classic cake-cutting results on proportional cake-cutting cannot be used, and different techniques are
needed.

6.4.1 Exact division

Initially, we assume that the entitlements are equal, i.e: wj = 1/k for all j. We relate unanimous-propor-
tionality to a classic cake-cutting problem of finding an exact division:

Definition 6.4.1. Exact(N, K) is the following problem. Given N agents and an integer K, find a division
of the cake to K pieces, such that each of the N agents assigns exactly the same value to all pieces:

∀j = 1, ..., K : ∀i = 1, ..., N : Vi(Xj) = 1/K.

Exact division is a difficult problem, since it requires all agents to agree on the values of all pieces, not
only their own piece. In this section we prove that finding a unanimous-proportional division is similarly
difficult: we show a two-way reduction between the problem of unanimous-proportional division and the
problem of exact division.

Denote by UnanimousProp(n, k) the problem of finding a unanimous-proportional division when there
are n agents grouped in k families with equal entitlements.

6.4.2 UnanimousProp =⇒ Exact

Lemma 6.4.2. For every pair of integers N ≥ 1, K ≥ 1, a solution to UnanimousProp (N(K− 1) + 1, K) implies
a solution to Exact (N, K).

Proof. Given an instance of Exact(N, K) (N agents and a number K of required pieces), create K families.
Each of the first K− 1 families contains N agents with the same valuations as the given N agents. The K-th
family contains a single agent whose valuation is the average of the N given valuations:

V∗ =
1
N

N

∑
i=1

Vi.

The total number of agents in all K families is N(K− 1) + 1. Use UnanimousProp (N(K− 1) + 1, K) to
find a unanimous-proportional division, X. For each agent i in family j: Vi(Xj) ≥ 1/K.

By construction, each of the first K − 1 families has an agent with valuation Vi. Hence, all N agents
value each of the first K− 1 pieces as at least 1/K and:

∀i = 1, ..., N :
K−1

∑
j=1

Vi(Xj) ≥
K− 1

K
.

Hence, by additivity, every agent values the K-th piece as at most 1/K:

∀i = 1, ..., N : Vi(XK) ≤ 1/K.
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The piece XK is given to the agent with value measure V∗, so by proportionality: V∗(XK) ≥ 1/K. By
construction, V∗(XK) is the average of the Vi(XK). Hence:

∀i = 1, ..., N : Vi(XK) = 1/K.

Again by additivity:

∀i = 1, ..., N :
K−1

∑
j=1

Vi(Xj) =
K− 1

K
.

Hence, necessarily:

∀i = 1, ..., N, ∀j = 1, ..., K− 1 : Vi(Xj) = 1/K.

So we have found an exact division and solved Exact(N, K) as required.

Alon (1987) proved that for every N and K, an Exact(N, K) division might require at least N(K− 1) + 1
components. Combining this result with the above lemma implies the following negative result:

Theorem 6.4.3. For every N, K, let n = N(K − 1) + 1. A unanimous-proportional division for n agents in K
families might require at least n components.

This implies that, in particular, unanimous-proportionality with connected pieces is infeasible.

6.4.3 Exact =⇒ UnanimousProp

Lemma 6.4.4. For each n, k, a solution to Exact (n − 1, k) implies a solution to UnanimousProp (n, k) for any
grouping of the n agents to k families.

Proof. Suppose we are given an instance of UnanimousProp(n, k), i.e, n agents in k families. Select n− 1
agents arbitrarily. Use Exact(n− 1, k) to find a partition of the cake to k pieces, such that each of the n− 1
agents values each of these pieces as exactly 1/k. Ask the n-th agent to choose a favorite piece; by the
pigeonhole principle, this value is worth at least 1/k for that agent. Give that piece to the family of the
n-th agent. Give the other k− 1 pieces arbitrarily to the remaining k− 1 families. The resulting division is
unanimous-proportional.

Alon (1987) proved that for every N and K, Exact(N, K) has a solution with at most N(K − 1) + 1
components (at most N(K − 1) cuts). Combining this result with the above lemma implies the following
positive result:

Theorem 6.4.5. Given n agents in k families with equal entitlements, a unanimous-proportional division with
(n− 1) · (k− 1) + 1 components is feasible.

For k = 2 families, the positive result of Theorem 6.4.5 is n, which matches the lower bound of Theorem
6.4.3.

For k > 2 families, the number of components can be made smaller, as explained in the following
subsections.

6.4.4 Less components: equal entitlements

We start with an example. Assume there are k = 4 families. By Theorem 6.4.5, using 3(n − 1) cuts, the
cake can be divided to 4 subsets which are considered equal by all n members. But for a unanimous-
proportional division, it is not required that all members think that all pieces are equal, it is only required
that all members believe that their family’s share is worth at least 1/4. This can be achieved as follows:

• Divide the cake to two subsets which all n agents value as exactly 1/2. This is equivalent to solving
Exact(n, 2), which by Alon (1987), can be done with at most n cuts. Call the two resulting subsets
West and East.

• Assign arbitrary two families to West and the other two families to East. Mark by nW the total number
of members in the families assigned to West and by nE the total number of members assigned to East.
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• Divide the West to two pieces which all nW agents value as exactly 1/4; this can be done with nW
cuts. Give a piece to each family. Divide the East similarly using nE cuts.

The first step requires n cuts and the second step requires nW + nE = n cuts too. Hence the total number of
cuts required is only 2n, rather than 3n− 1.

In fact, two cuts can be saved in each step by excluding two members (from two different families)
from the exact division. These members will not think that the division is equal, but they will be allowed
to choose the favorite piece for their family. Thus only 2(n − 2) cuts are required. A simple inductive
argument shows that whenever k is a power of 2, (log2 k) · (n− k/2) cuts are required.

When k is not a power of 2, a result by Stromquist and Woodall (1985) can be used. They prove that,
for every fraction r ∈ [0, 1], it is possible to cut a piece of cake such that all n agents agree that its value is
exactly r using at most 2n− 2 cuts.5 This can be used as follows:

• Select integers l1, l2 ∈ {1, ..., k− 1} such that l1 + l2 = k.

• Apply Stromquist and Woodall (1985) with r = l1/k: using 2n − 4 cuts, cut a piece X1 that n − 1
agents value as exactly l1/k. This means that these n− 1 agents value the other piece, X2, as exactly
l2/k.

• Let the n-th agent choose a piece for his family; assign the other families arbitrarily such that l1
families are assigned to piece X1 and the other l2 families to piece X2.

• Recursively divide piece X1 to its l1 families and piece X2 to its l2 families.

After a finite number of recursion steps, the number of families assigned to each piece becomes 1 and
the procedure ends. The number of cuts in each level of the recursion is at most (2n − 4). The depth of
recursion can be bounded by dlog2 ke by dividing k to halves (if it is even) or to almost-halves (if it is odd;
i.e. take l1 = (k− 1)/2 and l2 = (k + 1)/2). Hence:

Theorem 6.4.6. Given n agents in k families with equal entitlements, a unanimous-proportional division with
dlog2 ke · (2n− 4) + 1 components is feasible.

Note that Theorem 6.4.5 and Theorem 6.4.6 both give upper bounds on the number of components
required for unanimous-proportionality. The bound of Theorem 6.4.5 is stronger when k is small and the
bound of Theorem 6.4.6 is stronger when k is large.

6.4.5 Less components: different entitlements

When the families have different entitlements, the procedure of the previous subsection cannot be used.
We cannot let the n-th agent select a piece for his family, since the pieces are different. For example, suppose
there are two families with entitlements w1 = 1/3, w2 = 2/3. We can divide the cake to two pieces X1, X2
such that n − 1 agents value X1 as 1/3 and X2 as 2/3. So all of them agree that X1 should be given to
family 1 and X2 should be given to family 2. But, the n-th agent might select the wrong piece for his family.
Therefore, the procedure should be modified as follows.

• Select an integer l ∈ {1, ..., k}.

• Divide the families to two subsets: F1, . . . , Fl and Fl+1, . . . , Fk.

• Apply Stromquist and Woodall (1985) with r = ∑l
j=1 wj: using 2n− 2 cuts, cut a piece X1 which all

n agents value as exactly ∑l
j=1 wj. This means that all n agents value the other piece, X2, as exactly

∑k
j=l+1 wj.

• Recursively divide piece X1 to F1, . . . , Fl and piece X2 to Fl+1, . . . , Fk.

Here, the number of cuts in each level of the recursion is at most (2n− 2). The depth of recursion can be
bounded by dlog2 ke by choosing l = k/2 (if k is even) or l = (k− 1)/2 (if k is odd). Hence:

5They prove that, if the cake is a circle, the number of connected components is n− 1. Hence, the number of cuts is 2n− 2. This
is also true when the cake is an interval, although the number of connected components in this case is n.
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Algorithm 1 Finding a democratic-envy-free division for two families
INPUT:
- A cake, which is assumed to be the unit interval [0, 1].
- n additive agents, all of whom value the cake as 1.
- A grouping of the agents to 2 families, F1, F2.

OUTPUT:
A democratic-envy-free division of the cake to 2 pieces.

ALGORITHM:
- Each agent i = 1, ..., n marks an xi ∈ [0, 1] such that Vi([0, xi]) = Vi([xi, 1]) = 1/2.
- For each family j = 1, 2, find the median of its members’ marks: Mj = mediani∈Fj xi. Find the median of
the family medians: M∗ = (M1 + M2)/2.
- If M1 < M2 then give [0, M∗] to F1 and [M∗, 1] to F2.
Otherwise give [0, M∗] to F2 and [M∗, 1] to F1.

Theorem 6.4.7. Given n agents in k families with different entitlements, a unanimous-proportional division with
dlog2 ke · (2n− 2) + 1 components is feasible.

In concluding the analysis of unanimous-proportionality, recall that, even for k = 2 families, unani-
mous-proportionality is as difficult as exact division and might require the same number of components
- n. In the worst case, we might need to give a disjoint component to each member, which negates the
concept of division to families. Therefore we now turn to the analysis of an alternative fairness criterion
that yields more useful results.

6.5 Democratic fairness

Like unanimous-proportionality (Section 6.4), democratic-proportionality can also be defined using family-
valuation functions. Define:

Wmed
j (Xj) :=

mediani∈Fj Vi(Xj)

nj
for j ∈ {1, ..., k}.

A division is democratic-proportional if-and-only-if:

∀j : Wmed
j (Xj) ≥ wj

However, the Wmed functions are not additive,6 so classic cake-cutting results cannot be used.

6.5.1 Two families: a division procedure

We start with a positive result for two families with equal entitlements, which shows that democratic-
proportionality is substantially easier than unanimous-proportionality.

Theorem 6.5.1. When there are k = 2 families with equal entitlements, democratic-proportionality with connected
pieces is feasible.

Proof. Algorithm 1 finds a democratic-proportional division between two families. For each family, a loca-
tion Mj is calculated such that, if the cake is cut at Mj, half the members value the interval [0, Mj] as at least
1/2 and the other half value the interval [Mj, 1] as at least 1/2. Then, the cake is cut between the two family
medians, and each family receives the piece containing its own median. By construction, at least half the
members in each family value their family’s share as at least 1/2, so the division is democratic-envy-free.
In contrast to the impossibility results of the previous sections, here each family receives a single connected
piece.

6See the example in the beginning of Section 6.4. In that example Wmed is identical to Wmin.
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Unfortunately, this positive result is not applicable when there are more than two families, as shown in
the following subsection.

6.5.2 Three or more families: an impossibility result

Given a specific allocation of cake to families, define a zero agent as an agent who values his family’s share
as 0 and a positive agent as an agent who believes his family received a share with a positive value. Note
that positivity is a much weaker requirement than proportionality.

Lemma 6.5.2. Assume there are n = mk agents, divided into k families with m members in each family. To guarantee
that at least q members in each family are positive, the total number of components may need to be at least:

k · kq−m
k− 1

Proof. Number the families by j = 0, ..., k− 1 and the members in each family by i = 0, ..., m− 1. Assume
that the cake is the interval [0, mk]. In each family j, each member i wants only the following interval:
(ik + j, ik + j + 1). Thus there is no overlap between desired pieces of different members. The table below
illustrates the construction for k = 2, m = 3. The families are {Alice,Bob,Charlie} and {David,Eva,Frankie}:

Alice 1 0 0 0 0 0
Bob 0 0 1 0 0 0

Charlie 0 0 0 0 1 0
David 0 1 0 0 0 0

Eva 0 0 0 1 0 0
Frankie 0 0 0 0 0 1

Suppose the piece Xj (the piece given to family j) is made of l ≥ 1 components. We can make l members
of Fj positive using l intervals of positive length inside their desired areas. However, if q > l, we also have
to make the remaining q− l members positive. For this, we have to extend q− l intervals to length k. Each
such extension totally covers the desired area of one member in each of the other families. Overall, each
family creates q− l zero members in each of the other families. The number of zero members in each family
is thus (k− 1)(q− l). Adding the q members which must be positive in each family, we get the following
necessary condition: (k− 1)(q− l) + q ≤ m. This is equivalent to:

l ≥ kq−m
k− 1

.

The total number of components is k · l, which is at least equal to the expression stated in the Lemma.

In a unanimous-proportional division, all members in each family must be positive. Taking q = m gives
l ≥ m and the number of components is at least km = n, which coincides with the bound of Theorem 6.4.3.
In a democratic-proportional division, at least half the members in each family must be positive. Taking
q = m/2 yields the following negative result:

Theorem 6.5.3. In a democratic-proportional division with n agents grouped into k families, the number of compo-
nents may need to be at least

n · k/2− 1
k− 1

Note that for k = 2 the lower bound is 0, and indeed we already saw that in this case a connected
allocation is feasible.

6.5.3 Three or more families: positive results

Suppose we do want a democratic-proportional division for three or more families. How many compo-
nents are sufficient?
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Algorithm 2 Finding a democratic-proportional division for k ≥ 2 families.
INPUT:
- A cake, which is assumed to be the unit interval [0, 1].
- n additive agents, all of whom value the cake as 1.
- A grouping of the agents to k families, F1, ..., Fk.

OUTPUT:
A democratic-proportional division of the cake to k pieces.

ALGORITHM:
- Each agent i = 1, ..., n selects an xi ∈ [0, 1] such that Vi([0, xi]) =

dk/2e
k (this means 1

2 if k is even and k+1
2k if

k is odd). Note: Vi([xi, 1]) = bk/2c
k .

- For each family j = 1, ..., k, find the median of its members’ selections: Mj = mediani∈Fj xi.
- Order the families in increasing order of their medians. Find the median of the family-medians: M∗ =
Mdk/2e. Cut the cake at x = M∗.
- Define the western families as the Fj with j = 1, ..., dk/2e. Let nW be the total number of members in these
families. Divide the interval [0, M∗] among the western families using UnanimousProp(nW/2, dk/2e).
- Similarly, define the eastern families as the Fj with j = dk/2e + 1, ..., k. There are bk/2c such families.
Let nE be their total number of members. Divide the interval (M∗, 1] among the eastern families using
UnanimousProp(nE/2, bk/2c).

As a first positive result, we can use Theorem 6.4.7, substituting n/2 instead of n: select half of the
members in each family arbitrarily, then find a division which is unanimous-proportional for them while
ignoring all other members. This leads to:

Theorem 6.5.4. Given n agents in k families with different entitlements, democratic-proportionality with dlog2 ke ·
(n− 2) + 1 components is feasible.

However, for families with equal entitlements we can do much better. Algorithm 2 generalizes Algo-
rithm 1: for any number of families.

The algorithm works in two steps.
Step 1: Halving. For each family, a location Mj is calculated such that, if the cake is cut at Mj, half the

family members value the interval [0, Mj] as at least dk/2e
k and the other half value the interval [Mj, 1] as at

least bk/2c
k . Then, the cake is cut in M∗ - the median of the family medians. The dk/2e “western families” -

for which Mj ≤ M∗ - are assigned to the western interval of the cake - [0, M∗]. By construction, at least half

the members in each of the western families value [0, M∗] as at least dk/2e
k . We say that these members are

“happy”. Similarly, the bk/2c eastern families - for which Mj ≥ M∗ - are assigned to the eastern interval
(M∗, 1]; at least half the members in each of these families are “happy”, i.e, value the interval (M∗, 1] as at
least bk/2c

k .
If there are only two families (k = 2), then we are done: there is exactly one western family and one

eastern family (dk/2e = bk/2c = 1 ). For each family j ∈ {1, 2}, at least half the members of each family
value their family’s share as at least 1/2. Hence, the allocation of Xj to family j is democratic-proportional.

If there are more than two families (k > 2), an additional step is required.
Step 2: Sub-division. Each of the two sub-intervals should be further divided to the families assigned

to it. In each family Fj, at least nj/2 members are happy. So for each Fj, select exactly nj/2 members who are
happy. Our goal now is to make sure that these agents remain happy. This can be done using a unanimous-
proportional allocation, where only nj/2 happy members in each family (hence n/2 members overall) are
counted. The unanimous-proportional allocation guarantees that every western-happy-member believes
that his family’s share is worth at least dk/2e

k · 1
dk/2e =

1
k . Similarly, every eastern-happy-member believes

that his family’s share is worth at least bk/2c
k · 1

bk/2c = 1
k . Hence, the resulting division is democratic-

proportional.
We now calculate the number of components in the resulting division. One cut is required for the

halving step. For the unanimous-proportional division of the western interval, the number of required
cuts is at most (dk/2e − 1) · (nW/2− 1) by Theorem 6.4.5, and at most dlog2dk/2ee · (nW − 4) by Theorem
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Proportionality
#Families

(k)
#Connectivity Components

Lower Upper
Average (Sec. 6.3) k k k (connected)

Unanimous 2 n n

(Sec. 6.4) k n
min(1 + dlog2 ke · (2n− 4),

(k− 1) · (n− 1) + 1)
Democratic 2 2 2 (connected)

(Sec. 6.5) k n · k/2−1
k−1

min(2 + dlog2dk/2ee · (n− 8),
2 + (dk/2e − 1) · (n/2− 2))

Table 6.1: Summary of results for dividing a cake among families: upper and lower bounds on number of
cuts

6.4.6. Similarly, for the eastern interval the number of required cuts is at most the minimum of (bk/2c− 1) ·
(nE/2− 1) and dlog2bk/2ce · (nE − 4). The total number of cuts is thus at most 1 + (dk/2e − 1) · (n/2− 2)
and at most 1 + dlog2dk/2ee · (n− 8). The total number of components is larger by one. We obtain:

Theorem 6.5.5. Given n agents in k families with equal entitlements, democratic-proportionality is feasible with at
most

min
(

2 + (dk/2e − 1) · (n/2− 2) , 2 + dlog2dk/2ee · (n− 8)
)

components.

6.6 Conclusions and Future Work

Table 6.1 compares the three fairness criteria studied in the present paper, for families with equal entitle-
ments. Recall that n is the total number of agents in all families.

The case of k = 2 families is well-understood. The results for all fairness criteria are tight: by all
fairness definitions, we know that a fair division exists with the smallest possible number of connectivity
components.

6.6.1 Open questions

The case of k > 2 families opens some questions:

• Is unanimous-proportionality with n components feasible for all k? (particularly, with k = 3 families,
is the number of required components n as in the lower bound, or 2n− 1 as in the upper bound?).

• Is democratic-proportionality with n · k/2−1
k−1 components feasible for all k? (particularly, with k = 3

families, is the number of required components n/4 as in the lower bound, or n/2 as in the upper
bound?).

The case of different entitlements is much less understood even for individual agents. As far as we know,
it is an open question whether cake-cutting among k individuals with 2k − 1 components is feasible for
k > 2. This has direct implications on the number of required components for average-proportionality.

6.6.2 Alternative fairness criteria

One could consider the following alternative fairness criterion: an allocation is individually-proportional if
the allocation X = (X1, . . . , Xk) admits a refinement Y = (Y1, . . . , Yn), where for each family Fj, ∪i∈FjYi =

Xj, such that for each agent i, Vi(Yi) ≥ 1/n. Individually-proportional allocations always exist and can
be found by using any classic proportional cake-cutting procedure on the individual agents, disregarding
their families. The number of components is at most n. Individual-proportionality makes sense if, after the
division of the land among the families, each family intends to further divide its share among its members.
However, often this is not the case. When an inherited land-estate is divided between two families, the
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members of each family intend to live and use their entire share together, rather than dividing it among
them. Therefore, the happiness of each family member depends on the entire value of his family’s share,
rather than on the value of a potential private share he would get in a hypothetic sub-division.

Instead of proportionality, it is possible to use envy-freeness as the basic fairness criterion. Envy-freeness
means that the valuation of each family in its share should be at least as large as the valuation of the family
in another share. Then, average-envy-freeness means that the average value of each family in its allocated
share (averaged over all family members) is at least as large as its average value in each of the other shares;
unanimous-envy-freeness means that every agent values his family’s share at least as much as any other
share; democratic-envy-freeness means that at least half the members in each family believe that their
family received the best share. Note that this definition inherently assumes that the families have equal
entitlements. Section 6.3 (the equal-entitlements case) holds as-is for average-envy-freeness. In Theorems
2 and 3, the recursive-halving procedure cannot be used, and the number of components in the positive
results is O(nk) instead of O(n log k). More details are available in Segal-Halevi and Nitzan (2016).

Finally, the combination of envy-freeness and Pareto-efficiency is very interesting, regardless of geometric
or computational constraints. Among individuals, an envy-free and Pareto-efficient cake-division always
exists (Weller, 1985). Does there always exist an unanimous-envy-free and Pareto-efficient division among
families?

The latter question is open not only in the cake-cutting setting, but also in the classic economic setting
of dividing homogeneous resources.
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Fekete, A., Gál, L., Konečný, Z., Kovács, Z., Lizelfelner, S., Parisse, B., and Sturr, G. (2013). GeoGebra
5.0.
urlhttp://www.geogebra.org.

119



Hüsseinov, F. (2011). A theory of a heterogeneous divisible commodity exchange economy. Journal of
Mathematical Economics, 47(1):54–59.

Hüsseinov, F. and Sagara, N. (2013). Existence of efficient envy-free allocations of a heterogeneous divisible
commodity with nonadditive utilities. Social Choice and Welfare, pages 1–18.

Ichiishi, T. and Idzik, A. (1999). Equitable allocation of divisible goods. Journal of Mathematical Economics,
32(4):389–400.

Iyer, K. and Huhns, M. N. (2009). A Procedure for the Allocation of Two-Dimensional Resources in a
Multiagent System. International Journal of Cooperative Information Systems, 18:1–34.

Johnson, H. G. (1971). Trade and growth : A geometrical exposition. Journal of International Economics,
1(1):83–101.

Kash, I., Procaccia, A. D., and Shah, N. (2013). No agent left behind: dynamic fair division of multiple
resources. In Proceedings of the 2013 international conference on Autonomous agents and multi-agent systems,
AAMAS ’13, pages 351–358. IFAAMAS.

Katz, M. J. (1997). 3-D vertical ray shooting and 2-D point enclosure, range searching, and arc shooting
amidst convex fat objects. Computational Geometry, 8(6):299–316.

Keil, J. M. (2000). Polygon Decomposition. In Handbook of Computational Geometry, pages 491–518. Univer-
sity of Saskatchewan Saskatoon, Sask., Canada.

Klaus, B. and Klijn, F. (2005). Stable matchings and preferences of couples. Journal of Economic Theory,
121(1):75–106.

Klaus, B. and Klijn, F. (2007). Paths to stability for matching markets with couples. Games and Economic
Behavior, 58(1):154–171.

Kojima, F., Pathak, P. A., and Roth, A. E. (2013). Matching with Couples: Stability and Incentives in Large
Markets*. The Quarterly Journal of Economics, 128(4):1585–1632.

Kurokawa, D., Lai, J. K., and Procaccia, A. D. (2013). How to Cut a Cake Before the Party Ends. In
Proceedings of the Twenty-Seventh AAAI Conference on Artificial Intelligence, pages 555–561.

Lalonde, S. N. (2002). Determining boundaries in a conflicted world: the role of Uti Possidetis. McGill-Queen’s
Press-MQUP.

Legut, J., Potters, J. A. M., and Tijs, S. H. (1994). Economies with Land - A Game Theoretical Approach.
Games and Economic Behavior, 6(3):416–430.

Lipton, M. (2009). Land Reform in Developing Countries: Property Rights and Property Wrongs. Routledge.

Maccheroni, F. and Marinacci, M. (2003). How to cut a pizza fairly: Fair division with decreasing marginal
evaluations. Social Choice and Welfare, 20(3):457–465.

MacInnes, M. and Shields, K. (2015). The Land Reform (Scotland) Bill and Human Rights: Key Points and
Recommendations. SSRN Electronic Journal.

Manabe, Y. and Okamoto, T. (2010). Meta-Envy-Free Cake-Cutting Protocols. In Hliněný, P. and Kučera,
A., editors, Mathematical Foundations of Computer Science 2010, volume 6281 of Lecture Notes in Computer
Science, chapter 44, pages 501–512. Springer Berlin Heidelberg, Berlin, Heidelberg.

Marathe, M. V., Breu, H., Hunt, H. B., Ravi, S. S., and Rosenkrantz, D. J. (1995). Simple heuristics for unit
disk graphs. Networks, 25(2):59–68.

McAvaney, K., Robertson, J. M., and Webb, W. A. (1992). Ramsey partitions of integers and fair divisions.
Combinatorica, 12(2):193–201.

Messick, D. M., Moore, D. A., and Bazerman, M. H. (1997). Ultimatum Bargaining with a Group: Under-
estimating the Importance of the Decision Rule. Organizational Behavior and Human Decision Processes,
69(2):87–101.

120



Michaelides, S. (2006). Euclidean Economics: A Mathematical Method for Construction and Application of Eco-
nomics Models. Mesogios Publications - Ellinika Grammata.

Mill, J. S. (1863). Utilitarianism. Hackett Pub Co, 2 edition.

Mirchandani, R. S. (2013). Superadditivity and Subadditivity in Fair Division. Journal of Mathematics Re-
search, 5(3):78–91.

Moulin, H. (1990a). Fair division under joint ownership: Recent results and open problems. Social Choice
and Welfare, 7(2):149–170.

Moulin, H. (1990b). Uniform externalities: Two axioms for fair allocation. Journal of Public Economics,
43(3):305–326.

Moulin, H. (2004). Fair Division and Collective Welfare. The MIT Press.

Nicolò, A., Perea, and Roberti, P. (2012). Equal opportunity equivalence in land division. SERIEs - Journal
of the Spanish Economic Association, 3(1-2):133–142.

Nicolò, A. and Yu, Y. (2008). Strategic divide and choose. Games and Economic Behavior, 64(1):268–289.

Nielsen, O. A. (1997). An introduction to integration and measure theory. Wiley.

Öztürk, M., Peters, H., and Storcken, T. (2013). Strategy-proof location of a public bad on a disc. Economics
Letters, 119(1):14–16.

Öztürk, M., Peters, H., and Storcken, T. (2014). On the location of public bads: strategy-proofness under
two-dimensional single-dipped preferences. Economic Theory, 56(1):83–108.

Pikhurko, O. (2000). On Envy-Free Cake Division. American Mathematical Monthly, 107:736–738.

Plott, C. R. (1967). A Notion of Equilibrium and Its Possibility Under Majority Rule. The American Economic
Review, 57(4):787–806.

Powelson, J. P. (1988). The Story of Land: A World History of Land Tenure and Agrarian Reform. Lincoln Institute
of Land Policy.

Procaccia, A. D. (2009). Thou Shalt Covet Thy Neighbor’s Cake. In IJCAI’09 Proceedings of the 21st interna-
tional joint conference on Artificial intelligence, pages 239–244.

Procaccia, A. D. and Wang, J. (2014). Fair Enough: Guaranteeing Approximate Maximin Shares. In Proceed-
ings of the Fifteenth ACM Conference on Economics and Computation, EC ’14, pages 675–692, New York, NY,
USA. ACM.

Reijnierse, J. H. and Potters, J. A. M. (1998). On finding an envy-free Pareto-optimal division. Mathematical
Programming, 83(1-3):291–311.

Robert, C. and Carnevale, P. J. (1997). Group Choice in Ultimatum Bargaining. Organizational Behavior and
Human Decision Processes, 72(2):256–279.

Robertson, J. M. and Webb, W. A. (1995). Approximating fair division with a limited number of cuts. Journal
of Combinatorial Theory, Series A, 72(2):340–344.

Robertson, J. M. and Webb, W. A. (1997). Extensions of Cut-and-Choose Fair Division. Elemente der Mathe-
matik, 52(1):23–30.

Robertson, J. M. and Webb, W. A. (1998). Cake-Cutting Algorithms: Be Fair if You Can. A K Peters/CRC Press,
first edition.

Rosset, P., Patel, R., and Courville, M., editors (2006). Promised Land: Competing Visions of Agrarian Reform.
Food First Books, first trade paper edition edition.

121



Saberi, A. and Wang, Y. (2009). Cutting a Cake for Five People. In Goldberg, A. V. and Zhou, Y., editors,
Algorithmic Aspects in Information and Management, volume 5564 of Lecture Notes in Computer Science, pages
292–300. Springer Berlin Heidelberg.

Sagara, N. and Vlach, M. (2005). Equity and Efficiency in a Measure Space with Nonadditive Preferences:
The Problem of Cake Division. Journal of Economic Literature, 90:1.

Santos, F. P., Santos, F. C., Paiva, A., and Pacheco, J. M. (2015). Evolutionary dynamics of group fairness.
Journal of Theoretical Biology, 378:96–102.

Segal-Halevi, E., Hassidim, A., and Aumann, Y. (2015a). Envy-Free Cake-Cutting in Two Dimensions. In
Proceedings of the 29th AAAI Conference on Artificial Intelligence (AAAI-15), pages 1021–1028. arXiv preprint
1609.03938.

Segal-Halevi, E., Hassidim, A., and Aumann, Y. (2015b). Waste Makes Haste: Bounded Time Protocols for
Envy-Free Cake Cutting with Free Disposal. In The 14th International Conference on Autonomous Agents
and Multiagent Systems (AAMAS), pages 901–908.

Segal-Halevi, E. and Nitzan, S. (2016). Envy-Free Cake-Cutting among Families. arXiv 1607.01517.

Segal-Halevi, E., Nitzan, S., Hassidim, A., and Aumann, Y. (2017). Fair and square: Cake-cutting in two
dimensions. Journal of Mathematical Economics.

Sellar (2006). The great land debate and the Land Reform (Scotland) Act 2003. Norsk Geografisk Tidsskrift -
Norwegian Journal of Geography, 60(1):100–109.

Shishido, H. and Zeng, D.-Z. (1999). Mark-Choose-Cut Algorithms For Fair And Strongly Fair Division.
Group Decision and Negotiation, 8(2):125–137.

Steinhaus, H. (1948). The problem of fair division. Econometrica, 16(1):101–104.

Stromquist, W. (1980). How to Cut a Cake Fairly. The American Mathematical Monthly, 87(8):640–644.

Stromquist, W. (2007). A pie that can’t be cut fairly. In Dagstuhl Seminar Proceedings 07261.

Stromquist, W. (2008). Envy-free cake divisions cannot be found by finite protocols. Electronic Journal of
Combinatorics.

Stromquist, W. and Woodall, D. R. (1985). Sets on which several measures agree. Journal of Mathematical
Analysis and Applications, 108(1):241–248.

Su, F. E. (1999). Rental Harmony: Sperner’s Lemma in Fair Division. The American Mathematical Monthly,
106(10):930–942.

Sziklai, B. and Segal-Halevi, E. (2015). Resource-monotonicity and Population-monotonicity in Cake-
cutting.

Thomson, W. (1983). The Fair Division of a Fixed Supply Among a Growing Population. Mathematics of
Operations Research, 8(3):319–326.

Thomson, W. (2007). Children Crying at Birthday Parties. Why? Economic Theory, 31(3):501–521.

Thomson, W. (2011). Fair Allocation Rules, volume 2, pages 393–506. Elsevier.

Tsuruta, S., Oka, M., Todo, T., Sakurai, Y., and Yokoo, M. (2015). Fairness and False-Name Manipulations
in Randomized Cake Cutting. In Proceedings of the 14th International Conference on Autonomous Agents and
Multiagent Systems (AAMAS), pages 909–917.

Varian, H. R. (1974). Equity, Envy, and Efficiency. Journal of Economic Theory.

Walsh, T. (2011). Online Cake Cutting. Algorithmic Decision Theory, 6992:292–305.

Webb, W. A. (1990). A Combinatorial Algorithm to Establish a Fair Border. European Journal of Combinatorics,
11(3):301–304.

122



Webb, W. A. (1997). How to cut a cake fairly using a minimal number of cuts. Discrete Applied Mathematics,
74(2):183–190.

Weller, D. (1985). Fair division of a measurable space. Journal of Mathematical Economics, 14(1):5–17.

Wightman, A. (2015). The Poor Had No Lawyers: Who Owns Scotland (and How They Got it). Birlinn Ltd.

Woeginger, G. J. and Sgall, J. (2007). On the complexity of cake cutting. Discrete Optimization, 4(2):213–220.

Woodall, D. R. (1980). Dividing a cake fairly. Journal of Mathematical Analysis and Applications, 78(1):233–247.

Zhang, Y., Laurenzano, M. A., Mars, J., and Tang, L. (2014). SMiTe: Precise QoS Prediction on Real-System
SMT Processors to Improve Utilization in Warehouse Scale Computers. In Proceedings of the 47th An-
nual IEEE/ACM International Symposium on Microarchitecture, MICRO-47, pages 406–418, Washington,
DC, USA. IEEE Computer Society.

Zivan, R. (2011). Can trust increase the efficiency of cake cutting algorithms. In The International Conference
on Autonomous Agents and Multiagent Systems (AAMAS), pages 1145–1146.

123





dnkl ile` hxt) daeyg jk lk `l zeqextd ly zixhne`ibd dxevd ,dber miwlgnyk .zixhne`ib dwelg .1
dxevl miqgiizn mpi` dber zwelgl miniiwd mikildzd ok`e .oze` lek`l mipeekzn epgp` `linn ,(mrh ipip`
-zz ly cegi` e` rhw-zz `id dqext lke ,icnn-cg rhw `id dberdy migipn md ,miax mixwna .zixhne`ib

.mirhw
ceairle diipal xzei ziyeniy ,lynl ,zipaln rwxw .daeyg zixhne`ibd dxevd ,rwxw miwlgnyk la`

.ipexwn enk jex`e xv oaln zxeva rwxwn xzei ziyeniy `id zireaix rwxw mb .dlxitq zxeva rwxwn
-l`dn wlg la` ,xeyina rlevn didz dberd ,llk-jxca .zicnn-ax dberl yexita miqgiizn epgp` ef dceara
ly dxevd lr zeyxetn zeyixc aivdl mixyt`n epgp` .xzei miillk miicnn-ax mitebl mb mini`zn minzixeb
agex/daeb qgi mr oaln) ony oaln e` ,reaix zxeva dqext lawi owgy lky yexcl xyt` ,lynl .dberd-zeqext
ly zeiq`lwd zeyixcd mr cgi ,el` zeyixc micakny minzixebl` mibivn epgp` .edylk ony rlevn e` ,(ofe`n

.d`pw meiw-i`e ziwlg-zeilpeivxetext

la` .ciin zwlegne ,dycge dixh xepzdn z`vei dberd .inrt-cg jildz `id dber zwelg .ycgn dwelg .2
dnxetx --- ycgn dwelg rval jixve ,zwlegn xak rwxwd ,miax mixwna .jynzn jildz `id rwxw zwelg
rval zepeiqip mireci .dixehqda zepey zetewza mlera miax zenewna ervea zeix`xb` zenxetx .zix`xb`
2016 zpy cre ,(spxpwa ixvnd jlnd i"r) dwizrd mixvna dxitqd iptl zipinyd d`ndn lgd z`fk dnxetx
oiipwd-zeiekf oia ie`xd oefi`d lr dheyt `l dl`y zxxern rwxw ly ycgn dwelg .(cplhewq zlynn i"r)
zwlegn xak dberdy migipn ep` ef dceara .rwxwd-ixqg ly obed wlgl zekfd oial ,miigkepd rwxwd-ilra ly
-zeiekf day ,ziwlg-zpbed dwelg `evnl mixyt`nd minzixebl` mirivn ep` .zpbed dpi` zigkepd dwelgde ,
zeqiel ozip oiipwd-zekf oial zepibdd oia oefi`d mxeb .iwlg ote`a mixnyp miigkepd rwxwd-ilra ly oiipwd
dyixcd :oebk ,zeixhne`ib zeyixc oial ycgn-dwelgd zeyixc oia aeliyl mb miqgiizn ep` .dlynnd ici-lr

.zexenw e` ,zeipaln e` ,zexiyw eidi zeqextdy
qgid `ed zepibdd xign .zepibdd xign lr oeilr mqg biydl mb epl mixyt`n ycgn dwelgl minzixebl`d
zpbedd dwelgd oial ,(xzeia deab `ed mipwgyd ly zelrezd mekq day dwelgd) xzeia dlirid dwelgd oia
-nynd .zepibdl dyixcd zxenz ,zilklk zlrez ly migpena ,mlyl dkixv dxagdy xignd edf .xzeia dlirid
daxd miciqtn `l epgp` ,xnelk .daxd mlyl dkixv `l dxagdy ,`id "zepibdd xign lr oeilr mqg" ly zer
miynzyn epgp` ef dceara ;zicnn-cg dbera zepibdd xignl minqg e`vnp zencew zeceara .zepibdl dyixcdn

.rwxw enk ,zicnn-ec dbera zepibdd xignl mipeilr minqg `evnl ick ycgn-dwelgl minzixebl`a

wx zrawp dwelgd ly zepibdd okle ,cg` mc` ici-lr zlk`p dqext lk ,dber miwlgnyk .zegtynl dwelg .3
ly dveawl zkiiy dnc`-zwlg lk miax mixwna ,rwxw miwlgnyk mle` .owgy lk ly iyi`d mrhd ici-lr
zwelgl mikildz mibivn ep` ef dceara .zepey zetcrd opyi dveawa mc` lkl .dpicn e` dgtyn :oebk ,miyp`

.dveawd ixag ly zepeyd zetcrdl miqgiiznd ,zeveaw oia dber

:dnbecl .rwxw zwelgl hxt ,mitqep miavna mb zeiyeniy zeidl zeieyr dberd zwelg lcenl zepeyd zeagxdd
dkexrza mighy e` ,minqxtn oia miicnn-ec meqxt-ighy zwelga zeiyeniy zeidl zeieyr zeixhne`ib zelabn
miycg mikildzl aeygin-ia`yn wlgl yi mday ,opr-aeygin zekxrna mb zygxzn ycgn dwelg .mibivn oia
mikiiyd mixg` mia`yna mb `l` rwxwa wx `l yi zizgtyn zelra .miniiwd mikildza dribtd xerfin jez
`yepa dxiyid dnexzl xarn ,illk ote`a zpbed dwelga xwgnl mexzl dieyr zigkepd dceard ,okl .dgtynl

.zerwxw zwelg

a



xivwz

.zepey zetcrd mr miyp` oia zerwxw ly zpbed dwelgl minzixebl`e mikildz dbivn ef dcear
zwelg ,miyxei oia zizgtyn dlgp zwelg :miavn xtqna ziyeniy zeidl dleki zerwxw ly zpbed dwelg
dwelg .cere migxf` oia zeixeaiv zerwxw zwelg ,mixagd oia ayena zei`lwg zerwxw zwelg ,mitzey oia yekx
deevne ,(ek xacna) zepibda mdipia l`xyi ux` z` wlgl mieevn l`xyi ipa .dxeza xak zxkfp zerwxw ly zpbed
mc` lk epinia mb zihpalx zerwxw ly zpbed dwelg .(fn l`wfgi) minid zixg`l mii`eapd zepefga mb zxfeg ef
,miler xeicd ixign ,xzei dxwi ziyrp rwxwd ,dlcb diqelke`dy lkk .ezia z` dilr miwdl ick rwxw jixv

.mdlyn zial ribdl xzei dyw (mdipia ip`e) mixirvle
,zelege mivr ,miwnre mixd da yi :ipbexhd a`yn ixd `id rwxw ?zpbed dxeva rwxw wlgl xyt` ji`
xefi` lk ly ieeyd iabl zxg` drc zeidl dieyr dwelga mitzzynd miyp`dn cg` lkl .mi itege htp zex`a

?obed wlg elaiw mdy enikqi mitzzynd lky ote`a rwxwd z` wlgl xyt` m`d .rwxwa
-zwlg mdipia wlgl mivexd miyp` ipy yiy gipp ,okzii df ji` oiadl ick !ok `id daeyzdy zelbl riztn

:`ad jildza ynzydl mdl mirivn epgp` .dnc`

.wlgn cg`
.xgea ipyd

mxa`yk ,jpza fnxp mb `ed .mipey minrh mr micli ipy oia dber wlgl dqipy in lkl xken dfd jildzd
"obed" `ed dfd jildzd ,daxd ezehyt zexnl .(bi ziy`xa) orpk ux`a drxnd ixef` z` mdipia miwlgn hele

:mipaen ipya
heyt wlgnd .ely ziyi`d dkxrdd itl ,rwxwd ieeyn 1/2 zegtl lawiy envrl gihadl leki owgy lk .`
z`xwp ef dpekz zniiwnd dwelg .xzei lecbd ieeyd mr wlgd z` xegal wx jixv xgead ;miwlg ipyl jezgl jixv

."zilpeivxetext dwelg"
z`xwp ef dpekz zniiwnd dwelg .ipyd owgyd ly wlgd enk zegtl aeh wlg envrl gihadl leki owgy lk .a

1 ."d`pw `ll dwelg"
?miyp` ipyn xzei yiyk dxew dn :dl`yd z` ciin zxxern "xgea ipyde wlgn cg`" jildzd ly dglvdd
-l` mqxit `ed .fedpiihy ebed iplet-icedid i`wihnznd ly xn`na 1948 zpya dpzip ef dl`yl dpey`x daeyz
mzixebl`d .miyp` ly xtqn lkl zilpeivxetext dwelg xviind ,xhqpwe jpa eicinlz ipy ici-lr gzety ,mzixeb
xtqn `ed n xy`k ,llekd ieeydn 1/n zegtl exear deeyy dwlg lawi ,ze`xedd itl wgyiy mc` lky ,gihan

.miyp`d
zel`y daxd xxere ,zg` dl`y xzt `ed .zpbed dwelg :`xwpy ycg xwgn-megz gzt fedpiihy ly xn`nd
`evnl ick rval jixv zelert dnk ?d`pw `ll mb `idy ,miyp` ly xtqn lkl dwelg `evnl xyt` ji` :zeycg
mipzip mpi`y mivtg mpyi rwxwa m` dxew dn ?mzixebl`d ly ziaeyigd zeikeaiqd dn ,xnelk - z`fk dwelg
cg` lke ,gqkl jixvy `yc zqit `id rwxwdyk ,lynl ,ilily jxr yi rwxwl m` dxew dn ?mipiipa oebk ,dwelgl
lr zeivletipn zeyrl miqpne zibhxhq` dxeva mibdep mipwgydyk dxew dn ?ohw xzeiy dnk ghy gqkl dvex
mipey mipwgyl m` miyer dn ?(ehx`t dliri) zilklk dliri mb `idy zpbed dwelg biydl xyt` m`d ?wgynd
dlert-iteziy xvei `ede ,zepexg`d mipya c`n lirt zpbed dwelga xwgnd .cere ?rwxwd lr zepey zeiekf yi

2 .dpicnd-ircn iyp`e miplklk ,aygn-iprcn ,mi`wihnzn oia mipiiprn
.rwxw miwlgnyk cgeina zeaeyg ody zel`y dnk lr dpr `l oiicr zpbed dwelg `yepa xiyrd xwgnd
ipbexhd a`yn ly zpbedd dwelgd ziira - dberl eze` miliynn llk-jxca ,ipbexhd a`yn zwelg lr mixacnyk
,dber oial rwxw oia miaeyg milcad dnk yi .dber `l `id rwxw ,la` ."dberd zwelg ziira" zextqa z`xwp
lcen z` xtyl jixv ,zerwxw wlgl ick .zerwxw zwelg jxevl dber-zwelg ikildza ynzydl epilr miywnd

.dl` mi`yepl qgiiziy jk "dber"d

.zei`nvr zepekz izy el` llk jxca la` ,mdipia wlegn ghyd lke miyp` ipy wx mpyi xy`k efl ef zelewy elld zepekzd izy1

meik .agxd xeaivl zpbed dwelg inzixebl` yibpdl ezxhny ,geex zpeek `ll xz` edf .spliddit.org xz`d xie`l dlr miizpyk iptl2

.miigdn zeira oexztl ea eynzyd xak miyp` itl` zexyr ,xz`d ildpn zecr itl .zepey dwelg-zeira yngl minzixebl` rivn xz`d

`



204 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zihxwenc zepibd 6.5
204 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dwelg jildz :zegtyn izy 6.5.1
205 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexyt`-i` z`vez :xzei e` zegtyn yely 6.5.2
207 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ziaeig d`vez :xzei e` zegtyn yely 6.5.3
209 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xwgn jyndl zepeirxe zepwqn 6.6
209 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zegezt zel`y 6.6.1
210 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miitelg zepibd-i`pz 6.6.2
211 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zecez 6.7
212 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ditxbeilaia

` ixar xivwz



101 d`pw `ll zixhne`ib dwelg 4
102 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . `ean 4.1
105 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze`vez 4.1.1
107 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zextq xwq 4.1.2
109 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexcbd 4.2
111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miixhne`ib mibyen 4.3
111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ixhne`ib cqtd 4.3.1
112 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xgead znl 4.3.2
114 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ieqikd znle ieqik ixtqn 4.3.3
115 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oikq zeivwpet 4.3.4
118 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oikq ziivwpet ly ixhne`ib cqtd 4.3.5
120 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miyp` ipyl d`pw `ll dwelg 4.4
120 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipalne mireaix 4.4.1
121 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mibltikx`e zeiaew 4.4.2
124 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipny mipaln 4.4.3
127 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeillk zepny zexev 4.4.4
129 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeilpeivxetext znerl d`pw-meiw-i` 4.4.5
131 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipwgy ipyn xzeil d`pw `ll dwelg 4.5
131 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zicnn-cg dberl miiwd mzixebl`d 4.5.1
133 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipikq hq 4.5.2
138 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipny mipalne mireaix 4.5.3
140 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeillk zepny zexev 4.5.4
144 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xwgn jyndl zepeirxe zepwqn 4.6
145 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zecez 4.7
146 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . wxtl gtqp

155 zepibdd xigne ycgn dwelg 5
156 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . `ean 5.1
157 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze`vez 5.1.1
163 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zextq xwq 5.1.2
166 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexcbd 5.2
167 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ycgn dber-zwelg 5.2.1
168 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepibdd xigne zizxag dgeex 5.2.2
169 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeillk zeqexte zeillk zeber 5.3
171 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rhw ody zeqexte rhw `idy dber 5.4
174 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mirlevn ody zeqexte rlevn `idy dber 5.5
176 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepibdd xign lr minqg 5.6
180 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xwgn jyndl zepeirxe zepwqn 5.7
183 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zecez 5.8
184 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . wxtl gtqp

187 zegtyn oia dwelg 6
188 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . `ean 6.1
188 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze`vez 6.1.1
190 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zextq xwq 6.1.2
192 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexcbd 6.2
192 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeiekfe zegtyn 6.2.1
193 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexiyw-iaikxe ze`vwd 6.2.2
194 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepibdl mipeixhixw dyely 6.2.3
196 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zrvenn zepibd 6.3
198 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cg`-dt zepibd 6.4
198 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zwiiecn dwelg 6.4.1
199 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zwiiecn dwelgl cg`-dt dwelgn 6.4.2
200 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cg`-dt dwelgl zwiiecn dwelgn 6.4.3
201 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeey zeiekf 6.4.4
203 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepey zeiekf 6.4.5



mipiiprd okez

i xivwz

1 `ean 1
1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rwxw 1.1
2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zpbed dwelg 1.2
4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . rwxw ly zpbed dwelg 1.3
6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zextq xwq 1.4

10 zexcbd 2
10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dber 2.1
10 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipwgy 2.2
11 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zezli`y 2.3
12 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zewelg 2.4
13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zepibd 2.5
14 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dixhne`ib 2.6

17 zilpeivxetext zixhne`ib dwelg 3
17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . `ean 3.1
20 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ze`vez 3.1.1
24 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zewipkh 3.1.2
25 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zextq xwq 3.1.3
27 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexcbd 3.2
29 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexyt`-i` ze`vez 3.3
30 . . . . . . . . . . . . . . . . . . . . . . . . . zexiw drax`e dyely ,miipyl zexyt`-i` ze`vez 3.3.1
33 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . cg` xiwl zexyt`-i` ze`vez 3.3.2
34 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexiw ila xeyinl zexyt`-i` ze`vez 3.3.3
40 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mipny mipaln mr zexyt`-i` ze`vez 3.3.4
43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . miieqike mifxkn 3.4
43 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . oeniq fxkn 3.4.1
44 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dkxrd fxkn 3.4.2
46 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ieqik ixtqn 3.4.3
49 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dwelg ikildz 3.5
49 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . dpiheilib ikzg ,zexiw dyelye drax` 3.5.1
59 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexiw ipy 3.5.2
63 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexiw qt`e cg` xiw 3.5.3
64 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zexiw dyely 3.5.4
73 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zedf zetcrd ,dpiheilib ikzg ,zexiw drax` 3.5.5
82 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zeillk zeihwtnew zeber 3.5.6
86 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xwgn jyndl zepeirxe zepwqn 3.6
86 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zegezt zel`y 3.6.1
87 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . mixg` mibeqn miixhne`ib miveli` 3.6.2
88 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zyx ziivwilt` 3.6.3
88 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . zecez 3.7
90 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . wxtl gtqp



zecez

.dfd rqndn miwlga ize` deeily inl zecedl zepncfdd efe ,jex` rqnn wlg `ed igkepd xwgnd
wcva l`xyi ux` z` wlgl deevnd ,hxta .zeevne dxez epl ozpy ,cinz epze` jixcnd 'dl dcez ,lk mcew
.zigkepd xwgnd zcearl zixwird d`xydd `id ,f''n l`wfgi xtqae e''k xacna xtqa zxkfpd , l`xyi ipa oia
dad`de jepigd .rcne dxez aed`l izeclin ize` ekpige ia eknzy ,`''lcaz dpice l''f ac ,iixedl dax dcez

.eiykr cr ize` mieeln mdn izlaiwy
-ircnl dwlgna xwgn-xferk ize` elaiw obc ecire qe`xw zixyyk ligzd ily miincw`d miiga igkepd wxtd
ligzdle `ad alyl xearl ize` eccere ,xwgnd mlerl qpkidl c`n il exfr md .oli`-xa zhiqxaipe`a aygnd
c`n izipdp .jxcd lk jxe`l ia jenzle ize` ccerl ekiynd md ,xg` `yepl izxary zexnl .hxehwecl xwgna
dcarndn oiixc zpq`e hex l`ix` ,cltpfex ia` ,onxwev oepi :hxta ,mdly zecarna mitzeye mixag mr cearl
dcarndn cenln oxe`e ohel oepn` ,jxpy lii` ,hpxa ozpei ,oiihypexa xter ,fx` mely ocr ,xlc` ipn ,zixy ly

.ecir ly
,qxewd ildpn .rcne dxezl inegz-ax qxew - xgy zevevip qxewa zipeixpinq dceark ligzd igkepd xwgnd

.ovip l`enyl ize` exyiwe d`ld xwgnd z` jiyndl ize` eccer ,xtla ilexe hxettx i`zay axd
il xfr `ed .zpbed dwelg lr ilklkd xwgnd z` dpey`xl il bivd ,oli`-xaa dlklkl dwlgndn ,ovip l`eny

.zeax il xfer oiicre ,miplklkd zlidwa alzydle zilklkd dixe`izd mler z` oiadl c`n
eccer md .izxby `l jildza ily migpnd zeidl enikqdy ,miciqg ozpia`e one` ozpeil oaenk zcgein dcez
mixwgna ize` ekixcd ,miixwgn mixn`nl mze` jetdle ily miipey`xd zepeirxd z` gztl c`n il exfre ize`
mdn lawn oiicr ip`e izlaiw .megza miliaen mixwegl ize` exyiwe ,miwgynd zxeze ziaeyig dlklka mitqep

.xwegk mipey`xd iicrva zipeige dax dkinz
zixe` ,aygnd ircnn digxf-aby lbiqe jexa ialiqe cb dptce dihr dlid - oli`-xa zhiqxaipe`a zexikfnd
qgpite bxavxew oexece liie megp .miildpnd mipiiprd lka c`n il exfr - dlklkn onxflb lkine ofe` zxt`e miqip

.aeygin ipiipra oend exfr dicici l`xyie bxaqiie
zeliren zexrd izlaiwe igkepd xwgndn wlg my izbvd , oli`-xaa miwgynd zxez xpinqa szzydl izipdp
iabe oexir-oel` ixiy ,onld eif ,xaiixy oepn` ,ilaa crlb ,uxt oex ,cxda lii` ,jiihklin l`bi :hxta ,mitzzyndn
oae`x ,xlw ozp ,uk l`kin ,wiaep lh ,oicr oex :hxta ,dwihnznl dwlgnd ixagn mb zeliren zevr izlaiw .xiib

.xad dgnye odk
.eiykr cre epxkdy f`n d`xyde cecir dkinz dad` oend dpnn izlaiw .dilb izy` - xzeia daed`e dpexg`
diit`d ixbz` lka dcnr ,zeliren zexrd dxirde ily dxfgd-zebvn lkl daiywd ,miixewn zepeirx il dpzp `id

© zexcdp zeber dpikde dl izbvdy

ield-lbq l`x` ---
f''ryz'd oeiq ,oexyd ced ---



ly mzkxcda dzyrp ef dcear

one` ozpei 'text

miciqg ozpia` 'texte

aygnd ircnl dwlgnd on

.oli` xa zhiqxaipe` ly



rwxw ly zpbed dwelg

"diteqelitl xehwec" x`ezd zlaw myl xeaig

:z`n

ield-lbq l`x`

aygnd ircnl dwlgnd

oli`-xa zhiqxaipe` ly hpql ybed

f"ryz'd elqk ob-znx


